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WIENEDRSS THEORY OF DISPLACEMENTS. WITH AN APPLICA- 
; TION TO THE PROOF OF FOUR THEOREMS OF CILASLES.* 


By Anrritr Stnnivan Gane. 
4 


THe foundations of the theory of finite displacements in space were laid 
by Chasles ina series of papers published in 1860-61. Of particular interest 
and importance are the theoremst relating to the displacement of a right line 
and plane figure which form the basis of an important paper by Study.t 
From these theorems Study derives a Variety of others including the resolution 
of any displacement into the product of two involutory displacements given 

} hy Wiener. It is the olyje et of this Jutper to vive some account of Wiener'’s 
work in the theory of Aisprlives nents. and te apply his methods to the proot 
of the tour theorems of Chasles forming the basis of Study’s paper. Study re- 
marks that this application can be readily made, 


1. Wiener’s Theory of Displacements. I Wiener. work the 
‘ ) 


/ 


fundamental displacement is a cotection aa line (UCimrending), which consists 
of a rotation through ow or an orthogonal reflection in the axis of the rotation. 
A reflection ina line / is denoted ly the ~Viibol (7). The most important prop- 
ertyvootoa reflection ina line is that it is mrolutory, that is, if performed twice 
it wives the identien] transformation, Other important involutory transtor- 
mations area reflection fiog plane and a reflection faa port: the tirst is. such 
that the chord joining ans pany of corresponding points is perpendicular at its 
niddle point toa given plane: the second is such that the middle point of the 
chord joining any pair of corresponding points is a given pomt These are 
both special cases of the general SH sstsitt fry tra isformation ( Cwlequig ) which 
transforms a given coutiguration into any second configuration whose parts are 


equal to those of the tirst but are arranged in the opposite order. 


* This paper was read before the American Mathematical Society at the meeting of April 


Ss TEMN), 


+ Compt. Rend, Volo dl. pp. 809, 9100 Issa 5. Proofs of these theorems were first: pub- 
lished by Brisse, Jo bo Math. Series 2, Vol. 19, pp. 255-258 1874 

= Math. Annalen, Volo So. pp. dbl 60 Psd 

§ Leipziger Bericht), Vol. 42, po 76 C1SH0), 


jd... p. 469. 

















GALE. 


Let us consider with Wiener* the effect of combining reflections in the 
lines f, and fy, the indices denoting the order in which the reflections are to take 
place. Three cases present themselves. 

1°. Let ¢,and 4, be parallel. If any point 7’ be reflected in 4, and then in 
/, its tinal position 7” is evidently such that the line 77” is equal both in mag- 
nitude and in direction to twice the perpendicular distance from 4, to 4. 
The product (/, f:) is then a franslation. 

2°. Let f, and /, ‘nfersect. The points in their common perpendicular at 
the point of intersection are unchanged by the displacement (/, 4), which is 
therefore a rotation. By starting from a point on ¢, and reflecting it in 4, it 
is seen that the angle of the rotation is twice the angle from 4, to 4. If 4, is 
perpendicular to f, the product (4; /,) is a reflection ina line, 

3°. Let ¢, and f, be skew lines. Let ZL be their common perpendicular 
eutting /, at @ and let ¢’ be a line through @ parallel to ¢,. Then since a reflee- 
tion in a line is involutory 

(y= (Al hy=(hl") Ch) 
(f,/') is a rotation about Z and (/%,) is a translation parallel to ZL. Hence 
the product (1; fy) is a screw displacement ( Schraubung )- If ‘ is perpendicu- 
lar to fy the product is a seimi-screr displacement ( Umschraubung) 7. €., 
rotation through 7 about a line combined with a translation parallel to that 
line. 

Conversely we at once deduce the following resolutions. 

Every translation may he effected in x3 ways hy combin ng reflections an 
two lines; these lines are parallel, the vector distance from the first to the 
second being equal to half the vector of the translation. 

Brery rotation may be effected in x* ways hy combining reflections in tio 
lines; the lines are perpendicular at the same point to the axis of the rotation, 


the angle between them being equal to half the angle of the rotation. For a 
reflection ina line the angle is 7/2. 


Every screw displacement may be effected in «2* ways hy combining reflec- 
tions in two lines; the lines are perpendicular to the axis of the displacement, 
the distance and angle between them being equal respectively to half the alti- 
tude (Schraubungshohe) and turn (Schraubungswinkel) of the displacement. 


For a sémi-screw displacement the angle is 1/2. 


In any displacement space is regarded as rigid and hence a displacement 


* Leipziger Berichte, Vol. 42, pp. 16-20. 
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is determined by the initial and final positions of any triangle. This affords 
a simple proof of Wiener’s fundamental theorem : 

Every displacement in space may be effected by combining two reflections 
in lines.* 

Yonsider two congruent triangles in any relative positions. If they 
be so situated in a plane that they may be brought into coincidence by a dis- 
placement in the plane then they may be brought into coincidence either by a 
rotation (or a reflection in a line) about a line perpendicular to their plane or 
by a translation parallel to it. In these cases the theorem follows at once from 
the resolutions given above. 

Whatever be the positions of the two triangles they may be readily 
brought into the positions just considered. When the planes of the triangles 
intersect this may be accomplished by rotating one about the line of intersec- 
tion ; when the planes of the triangles are parallel or coincident it may be ac- 
complished either by a translation perpendicular to the planes, or by a reflection 
in a line parallel to the planes and half way between them.ft A displacement 
in a plane will now bring the two triangles into coincidence. It only remains 
to show that the product of two rotations, either or both of which may de- 
generate into a reflection in a line or into a translation, is always equivalent 
to the product of two reflections in lines. Let (22,) and ( ,) be the two 
rotations and let ¢ be the common perpendicular to the axes /?; and J. 
We may choose the lines /, and 4, so that 


(R,) = (47) and (2?,) = (1 ty) 
and hence (22, ty) = (Ut) = (4 fe). 


The product of the two rotations is thus replaced by the product of two re- 


flections in lines. The reasoning requires no modification if one or both of 


the rotations degenerate into reflections in lines. If (/?,) be a translation we 
may take for / any line meeting /?, and perpendicular to it, and in a plane 
perpendicular to the direction of the translation (/2,). If both (/?;) and 
(F?,) be translations we may take for ¢’ any line perpendicular to the direc- 
tions of (/?,;) and (#2). 

An immediate result of this theorem is that the most general displacement 
is a screw displacement, for this is the most general effect of combining two 





*l.c. p. 76. The proof given here is due to Professor P. F. Smith. 
+This covers the case of synimetrical trjangles in a plane. 
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reflections in lines. If this well-known result be presupposed Wiener’s fun- 
damental theorem requires no proof other than the resolution which precedes 
it; the beauty of Wiener’s work, however, is that it serves so admirably as 
an introduction to the subject. We indicate in passing two other important 
elementary results of the theory as thus far developed. The method just em- 
ployed in considering the product of two rotations lends itself with equal 
readiness to the construction of the displacement which is the product of two 
screw displacements.* The displacements involved in the preceding proof 
can be readily constructed and replaced by two reflections in lines when the 
relative positions of the triangles are given; by combining the two reflections 
in lines we obtain the displacement which transforms a given triangle into a 
given congruent triangle.t 

2. An Application of Wiener’s Methods. By means of Wiener’s 
fundamental theorem we shal! in different ways resolve any displacement into 
the product of two transformations such that all the points of an arbitrarily 
chosen line or plane shall be invariant with respect to the first transformation. 
The theorems given by Chasles will follow immediately from the properties of 
the second transformation. 

The following resolutions are such that the points of an arbitrary line are 
invariant with respect to the first displacement. 

A straight line R heing given, every displacement in space may be resolved 
into a rotation ahout R followed hy a seini-screw displacement. } 

We may resolve any displacement (7') into the product (/,/,) of reflee- 
tions in lines so that the line /,; shall be perpendicular to 72. Let be a line 
perpendicular to 2? at its intersection with 4; and also perpendicular to 4. 
Then 

(7) = (4,4) = (4 00 t) = (47) (CG), 
(4, ) is a rotation about 7? and (/' /,) is a semi-screw displacement whose axis 
is the common perpendicular to / and 4. 

A straight line R heing given, every displacement in space may be re- 
solved into a rotation about R followed by a second rotation (or by a transla- 
tion) .§ 

*Wiener, /. c. p. 21 and note p. 83. Halphen, Nour. Ann. de Math., Series 3, Vol. 1 
p. 296 (1882). Burnside, Messenger of Math., Vol. 19, p. 104 (1889). 

+Cf. Wiener, 1. ¢., p. 77. 


+ This theorem is due to Study; 1. ¢., p. 465. 
§ This theorm is due to Chasles; Compt. Rend. Vol. 52, p. 79 (1861). 
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Resolving ( 7’) as above let now ¢’ be perpendicular to F at its intersec- 
tion with 4, and let ¢ also intersect ¢, (if ¢, is perpendicular to 2 let ¢’ be par- 
allel to 4.) Then 


(T) = (44) = (GU h) =(40) (4), 


(¢, () is a rotation about 7? and (/ ¢,) is a rotation about the common perpen- 
dicular to ¢ and ¢, at their point of intersection (or a translation through twice 
the vector distance from ¢’ to ¢). 

In these resolutions the axis of the first displacement is arbitrary and 
hence every displacement of a right line may be effected in either one of two 
ways: 1° by a semi-screw displacement; 2° by a rotation (or translation). 
Two of the theorems of Chasles follow at once. 

TuHeoreM I. Jf a line be displaced the middle points of the chords join- 
ing congruent points lie on a line or are identical. 

These points will lie on the axis of the semi-screw displacement by which 
the displacement may be effected, and they will be identical if that axis is per- 
pendicular to the given line. 

THeoreM I]. Jf aline be displaced the planes perpendicular to the chords 
joining congruent points at their middle points pass through a line (or are 
parallel) or are identical, 

The planes in question will pass through the axis of the rotation by which 
the displacement may be effected. They will coincide if the axis of the ro- 
tation and the given line are co-planar. (If the displacement be a translation 
the planes will be parallel, or identical if the direction of the translation is 
perpendicular to the given line.) 

To obtain the corresponding theorems relating to ‘plane figures we seek 
to resolve a displacement into the product of two transformations such that 
the points of an arbitrary plane shall be invariant with respect to the first 
transformation. A simple transformation other than the identical transforma- 
tion which will leave the points of an arbitrary plane invariant is a reflection 
in that plane. If we reflect any given configuration in any plane the trans- 
formed configuration may be transformed by a general symmetry transforma- 
tion into any configuration congruent to the given configuration. Hence, 

A plane s being given, every displacement in space may be effected by a 
reflection in s followed by a symmetry transformation.* 





* This theorem is due to Study; l. ¢., p. 497. 
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GALE, 


If we take s as the plane of a given plane figure we see that every displace- 
ment of a plane Jigure can he effected by a symmetry transformation, It is 
now necessary to study the properties of a symmetry transformation, 

The methods employed in the investigation of the product of two reflee- 
tions in lines show that the effect of combining two reflections in the planes 
s, and sx, is: 

1° A rotation when s, and s, intersect. 

2° A reflection in a line when s, and sy are perpendicular. 

3° A translation when s, and s, are parallel. 

We see also that the product of a reflection in a plane and a reflection in 
a line perpendicular to the plane, in either order, is a reflection in their point 
of intersection. Conversely, we deduce corresponding resolutions. 

Wiener’s theorem now enables us to resolve any displacement (7') into 
the product of two transformations of which the first is a reflection in an ar- 
bitrary plane s; we thus obtain a form of the general symmetry transforma- 
tion by means of which we can study its properties. Two cases arise. 

1° If (7) bea translation or if the axis of (7') cuts the plane s then 
we may replace (7') by reflections in two lines 4, and ¢, such that /, shall lie 
ins. We may now replace (/,;) by a reflection in s followed by a reflection 
in a plane x; which passes through /, and is perpendicular to s, The sym- 
metry transformation consists of the product (+s 4,). 

2° If the axis of ( 7’) is parallel to « then 4, may be chosen perpendicu- 
lar to sat O. Since a reflection in a plane is involutory 


(T) = (1,4) = (*84,4) = (8) (1/3), 


where (/,) denotes a reflection in the point O. We may replace (f)) by a 
reflection in a line ¢ passing through O perpendicular to f, preceded by a 
reflection in a plane s’ passing through O perpendicular to“. Then 


(fof) = (8 C4,) =(#' 1"), 


where (f”) is a reflection in the common perpendicular to (and ¢,at their point 


of intersection. Here the symmetry transformation consists of the product 
(st). Hence, 


. - : , . ? 
Every symmetry transformation may be effected hy a reflection ina plane 
Sollowed by a reflection ina line. 


Let («) be the reflection in a plane and (/) the reflection in a line of 
any symmetry transformation. (¢) may be replaced by the product of two 
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reflections (s,8,) in perpendicular planes such that the plane s, is perpendicu- 
lar tox. The product (s#,) is a rotation about an axis perpendicular to 8, 
or a translation parallel to s, according as the planes s and s, intersect or are 
parallel; the latter may be regarded as a special case of the former. Hence 

Every symmetry transformation may be effected by combining in either 
order a reflection ina plane and a rotation about an axis perpendicular to the 
plane of the reflection.* 

The plane of the reflection is called the central plane, its intersection with 
the axis of the rotation the centre of the transformation. From the last theorem 
we see at once that 

In every symmetry transformation the middle points of the chords joining 
corresponding points lie in the central plane (and coincide with the centre if the 
angle of the rotation be 7); the planes perpendicular to those chords at their 
middle points pass through the centre of the transformation (and coincide with 
the central plane if the angle of the rotation be zero). 

If a plane figure be transformed by a symmetry transformation it is evi- 
dent that the points in question will lie on a line if the plane of the figure is 
perpendicular to the central plane and if the rotation reduces to a translation 
parallel to the given plane. The planes perpendicular to the chords will pass 
through the axis of the rotation if the plane of the figure coincides with the 
central plane. 

Since any displacement of a plane figure can be effected by a symmetry 
transformation the remaining theorems of Chasles under consideration are now 
evident. 

Tueorem III. Jf a plane ficure be displaced the middle points of the 
chords joining congruent points lie va a plane, on a line or coincide. 

Tueorem IV. Jf a plane figure be displaced the planes perpendicular to 
the chords joining congruent points at their middle points pass through a point, 
a line or coincide, 


New Haven, Conn., Apri, 1900. 





* Study ascribes this theorem to Hessel; the preceding theorem is due to Study; 1. c. 
pp. 487, 565, and 493. 























































By Epwarp V. Huntincton, 


in 1868, in his (reometrie der Lage.* 
. . . . . . ‘ . . + 
of these (unsymmetrical) equations is given by E. Schilke.¢ 


and H. E. Timerding.4 


niently developed by elementary methods. 


plex of axes (Axencompler) of that quadric. 





THE COMPLEX OF AXES OF A CENTRAL QUADRIC SURFACE, 


The complex of axes of a quadrie surface was first presented by Reye, 
The analytic equations were first stated by Réye.t A detailed discussion 
Additions to the theory have been made by M. G. Koenigs,§ E. Waelsch} 


The object of the present paper is to restate as briefly as possible such 
of the chief results of this small chapter of modern geometry as can be conve- 


1, Derinirion. <A line through any point, perpendicular to the polar 
plane of that point with respect toa quadric surface, is.called an axis of the 
quadric.** The point, P, is the pole of the axis, and the polar plane of P is 
the polar plane of the axis. The foot of the axis is the point where it meets 
its polar plane. All the axes of a quadric taken together constitute the com- 


Every point in space (except the centre and the infinite points on the 
axes of symmetry) is the pole of only one axis; and since there are x® 











§ Wiener Sitzungsherichte, Vol. 95, 2. Abth., p. 549-578 (1887). 
{ Annali di Matematica, Ser. 3, Vol. 2, p. 239-261 (1899). 
**For another definition see Theorem XIV. 

(8) 


j . . ° : ‘ . 

points In space, there will be in general not more than 2% axes of any quad- 

ric. But there are x‘ lines in space; hence it is evident that not every line 

} . 

i can be an axis. 

, Our task is, then, to ascertain what lines are axes and what sort of a 

f figure the entire complex of axes forms in space. We shall confine ourselves 

| to the central quadrics, represented by 

7 rid y? 2 1 1 
j + =. + = 

+ A B ( F ( ) 
! ss siesieatstlleliiatipneabiadisestaidandugaaiamed " 

i * See Vortrag XV, Vol. 2, of the third edition (182). 

1 + Annali di Matematica, Ser. 2, Vol 2, p. 1-12 (1868-69). 

% 3 Zeitschrift far Math. u. Phys. (Schlimilch), Vol. 19, p. 550-564 (1874). 

=} || Nourelles Annales de Math., Ser. 3, Vol. 2, p. 267-272 (1883). 
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Since the surfaces of revolution possess no interest in this connection, we 
shall assume that A, B, and Care all different. (Cf. Prob. 1.) 

We add for reference the familiar equation of the polar plane of any 
point (x,, ¥,, 2,) with respect to (1): 


ye WY he 
’ me ae le (2) 


I. Tue Axes, wirn THEIR POLEs. 


2. Some of the lines which belong to the complex may be discovered at 
once from geometrical considerations. 

Thus, if the point P is taken on the quadric, its polar plane coincides 
with the tangent plane at P and the corresponding axis is perpendicular to 
the tangent plane at that point. Hence, 

THeoreM I. Every normal to the quadric is an axis, having its foot as 
pole. 

Again, if P is taken at the centre, its polar plane becomes the plane at 
infinity, to which all lines through the centre are perpendicular. Hence, 

Tueorem II. Every diameter of the quadric is an axis, having the cen- 
tre as pole. 

Again, if P recedes to infinity in the direction of one of the axes of 
symmetry, its polar plane becomes the plane of symmetry perpendicular to 
that axis. Hence, 

THeoreM III. Every line perpendicular to a plane of symmetry is an 
axis, having its infinitely distant point as pole. 

We may show, further :° 

Tueorem IV. Every line lying ina plane of symmetry is an axis. 

For, let a be any line in a plane of symmetry, and let & be the conic 
section in which the plane cuts the quadric surface. 

Now the polar plane of any point in the plane of symmetry with respect 
to the quadric will be perpendicular to the plane of symmetry, and its trace in 
that plane will be the polar of the point with respect to the conic section k. 
Through the pole Q of @ with respect to & draw a line c perpendicular to 
a. The pole P of ¢ with respect to & will lie on @ (since ¢ passes through the 

pole of a); and the polar plane of P with respect to the quadric will contain 
c and be perpendicular to a. 
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10 HUNTINGTON. 
Therefore, a is an axis of the quadric; P is its pole, and c is the trace of 


its polar plane. The theorem is thus established. 


We have thus fur tacitly assumed that every axis has but a single pole; 
and it is not hard to show that this is in general the fact. Only in the case of 
an axis of symmetry, the polar plane of any point on the axis is perpendicular 
to the axis. Hence, 

Tueorem V. The pole of an axis of symmetry is indeterminate. 


3. Let us now find the general condition under which any given line 
re y— Z=— 4 ‘ 
] f —— pe = (3) 

Miu i 


‘ 


shall be an axis of the surface (1). 
Suppose that the line (3) is an axis, and let 2; (2, 4%, 2) be its pole. 
Then, since P, must lie on the line (3), 
a y—n 34 —F 
a5 Fon ce Tp a (4) 


i“ “ 


and since (3) must be perpendicular to the polar plane (2) of P,, 


vy Yi =| r 
- == = . (9 
Al Bum Cn 
Eliminating 7, ,, 2; from these four equations, we find 
(B—0)§4(0—A) 24(A—B) b= 0, (t) 
] Mit “ 


as the condition under which the line (3) is an axis of the quadric (1). 

The equations of the present article give us readily the analytic proof for 
Theorems II-V (including the statement that every axis except the axes of 
symmetry has a single determinate pole), and also lead at once to the impor- 
tant theorems of the two following articles. 

4. Suppose the direction cosines 1, m, n of an axis (3) are given; then 
the coordinates (£, 7, €) of any point of the axis must satisfy (6), and the 
coordinates (2, 4;, 2;) of the pole of the axis must satisfy (5). These 
equations are all of the first degree in the variables, and lack a constant term. 
(The only troublesome case occurs when two of the given cosines are 0, 
which is the case already considered in Th. III.) Hence, 
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‘TueoremM VI. All axes parallel to a given direction (except those per- 
pendicular to a plane of symmetry) lie in a diametral plane, and their poles 
lie in a diameter. (Cf. Prob. 7.) 

5. Suppose, on the other hand, that a point (£, », £) of the axis (3) is 
given; then the direction cosines /, m, n of the axis must satisfy (6), and the 
coordinates (2,, Y, 2,) of the pole of the axis must satisfy (4) and (5). 

Dividing each term of (6) by one of the equal fractions in (3), we have 


| idan © c . 
(B-C) -— gt(C~ 4) — -+(A-2); = 0, (7) 


z—¢ 
for the locus of all the axes that pass through the given point (&, n, €). 

And similarly, dividing each term in (4) by one of the equal fractions in 
(5), we have, dropping the subscripts, 


Pint ONS kat Luda (8) 
ok V Z 
for the locus of the poles of these axes. 
We proceed to investigate the nature of both of these loci. 


Examining the first of the equations, we see at once that (7) represents 
a cone of the second degree, with its vertex at the given point (&, 9, £); it 
contains the diameter through the given point (cf. Th. ID), and the lines 
r=€, y=n;3 y=n, 2z=6; and z=, x=€ (cf. Th. ILL); and is called the 
cone of axes (Axenkegel) of the given point. 

Since the cone contains a set of three mutually perpendicular generators 
it will be an equilateral cone, containing an infinite number of such sets. 


The second locus, (8), is a space curve containing the poles of all axes 
through the given point, and therefore called the pole-curve (Polcurve) of that 
point. 

To determine the order of the curve, set each of the equal fractions in (8) 
equal to a variable 2; ~=we have then 


AE Bn ee 


-= —— =———— , Z= = ’ sa 
eek. ~~ wah C— (8a) 





as the coordinates of any point of the pole-curve, in terms of the parameter A. 
Substituting these values in the equation of any plane, ax + by +cz+d=0. 
we obtain a cubic equation for X; and to each of the three values of A thue 
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12 HUNTINGTON. 


determined corresponds one point of intersection of the curve with the plane. 
In other words, the curve is of the third order. 

It is obvious that the pole-curve must lie wholly on the cone of axes ; 
and this appears analytically from the fact that the coordinates (8a) of any 
point of the pole-curve satisfy identically equation (7). 

The curve contains the centre (cf. Th. II), and the points at infinity on 
the lines r=& y=n: yon, 2=f: andz=f,4=€ (cf. Th. Il). 


The results of this article may be stated as 

Tueorem VII. All ares through a given point lie on an equilateral 
quadric cone, having its vertex at the given point, and containing, besides the 
diameter through that point, the perpendiculars from that point to the planes of 
symmetry; and their poles form on this cone a space curve of the third order, 
passing through the given point, and containing, besides the centre, the points 
at infinity on the perpendiculars to the planes of symmetry. (Cf. Prob. 5.) 

6. A simple special case of Th. VII occurs when the given point is taken 
in a plane of symmetry. 

Thus, if the point is (&,, 0), the cone (7) breaks up into the plane z= 0 
(cf. Th. IV), and the plane & (B—(C) (y—n)+(C— A) (4 —€) =9, which 
is perpendicular to z=0; while the curve (8) breaks up into the equilateral 
hyperbola (A — B) cy + Byer — AEy=0 in the plane z=0, and the straight 
line (AL—C’) w= AE, (B-—C) y= Bn, perpendicular to that plane. Hence, 

Cor. I. All axes lying in a plane of symmetry and passing through a 
given point (not in an aris of symmetry) have their poles on an equilateral hy- 
perbola, which contains the given point and the centre, and has asymptotes 
parallel to the axes of symmetry in that plane. 

Cor. Il. All aves that pierce a plane of symmetry in a given point (not 
man axis of symmetry) lie ina plane perpendicular to the plane of symmetry ; 
and their poles lie ina straight line, also perpendicular to the plane of symme- 
try. (Cf. Prob. 6.) 

"7. The equations of the axis whose pole is the given point (24, 4,5 21) 
are 

A <bean, RB?! TAH 

ae KN 2) 


we (9) 


for, this line (9) contains the given point, and is perpendicular to the polar 
plane (2) of that point. 


8. Two theorems follow immediately from these equations. 
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Thus, we know that the common value of the equal fractions in (9) is 
proportional to the distance along the line from the fixed pole to the variable 
point (2, y, z). Putting successfully =0, y= 0, z=0, we find the dis- 
tances along the line from the pole to the three coordinate planes are propor- 
tional to —A, —B,—C. Hence, 

TueoreM VIII. The pole of an axis divides ina constant ratio the por- 
tion of the axis intercepted between tivo planes of symmetry. 

Again, we find that the values of x in (9) corresponding to y=0 and 
z= Oare in the ratio A— B : A—C. Hence, 

Tueorem IX. The distances from one plane of symmetry to the points 
where any axis cuts the other two, stand in a constant ratio. 

9. These two theorems enable us to state the following construction : 

Tueorem X. Tf the three planes of symmetry and any one axis (not 
perpendicular to or lying in a plane of symmetry), with its pole, are given, 
then all the other axes of the complex are determined, and can be constructed. 

Thus: from the points where the given axis cuts the planes YY and 
XZ draw perpendiculars g and h to OLX, and determine the ratio of the in- 
tercepts, Og: Oh. 

If we now draw any line g’ in XY, perpendicular to (LX, and construct 
the line 4’ in NZ, perpendicular to O.Y, such that Og’: Oh'= Og: Oh, then 
all lines that meet both g’ and /’ will be axes, by Th. IX. 

Thus all the axes that pierce any quadrant of the YY plane can be con- 
structed. To these we must add all diameters and all lines perpendicular to 
or lying in a plane of symmetry (Th. II, III, [V), and the complex is com- 
plete. 

If the pole of the given axis is known, the poles of all the other axes can 
be found by Th. VUT. (Cf. also, Th. VII, Cor. IT.) 


Il. Tue Axes, with THEerrR PoLaR PLANEs. 


10. If (x, ¥,2;) is the pole of an axis, then its polar plane is given by 
equation (2). 

Now when the axis is made to pass through a fixed point, the coordinates 
of its pole are given in (8a); substituting these values for 2, ¥), 2% in (2), 
we have: 


E.r i oz 1 ( 1 0) 
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(where is a variable parameter) as the equation of the polar plane of any 
axis passing through the given point (&, 9, ¢). 
This plane (10) is evidently the polar plane of the given point 
(€. 9, £) with respect to the quadric whose equation is : 
re ane eS (11) 
A—-rX B-rA C-ArA 
and we know that this equation represents a family of quadrics confocal to 
the given quadric (1), their principal sections being confocal conics. Hence, 
THeoreM XI. The polar planes of ares through a qiven pownt are the 
polar planes of that point with respect to a family of quadrics confocal to the 
given quadrie. 


It is shown in the theory of confocal quadrics that three of these surfaces 
pass through any given point, and cut orthogonally at that point. 

Consider then, the three confocal quadrics that contain the given point 
(€, 7, €); the polar planes of (&, », &) with respect. to these three surfaces 
will be the three mutually perpendicular tangent places at that point; and the 
axes to which these polar planes belong are therefore the three normals to the 
confocal quadries at the given point. Hence, 

Cor. 1. Every point in space is the foot of three axes, which meet at 
right angles at that point. 

1]. It is shown, further, that if from any point 7? tangents are drawn 
to the quadric, the axes of symmetry of the cone thus formed are normals to 
the three confocal quadrics that pass through 7. Hence, 

Cor. Il. The aves of symmetry of any circumscribing cone are ares of 
the quadric, the foot of each coinciding with the verter of the cone. 

12. If X= A, in the equation (11) of a family of confocal quadries, the 
quadric becomes the conic section 

~ 2 

et goa enoa™ (12) 

and when A= # and A=C, we obtain corresponding curves in the planes 
y=, 2=0, their equations being found by advancing the letters. 

These three curves, which belong to the family of confocal quadrics, are 
called the focal curves of that family. 


Now when «= 0 in the equations of an axis (9), we have the point 
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om B—A Men C—A 
ee a Sis z= — 


and when «= 0 in the equation (2) of the polar plane of that axis, we have 
the line 


z=, 7] 23 


WY 7 _ 
_ << 
and these are evidently pole and polar with respect to the focal curve (12). 
Hence, 
THeoreM XII. The point where an axis cuts a plane of symmetry, and 


t= 0, 


the line in which its polar plane cuts the same plane of symmetry, are pole and 
polar with respect to a focal curve of the quadric. 


Let the point P and the line a be pole and polar with respect to a focal 
curve of the quadric. Then every axis that pierces the given plane at ? must 
be perpendicular to some plane containing a. Hence, 

Cor. The feet of all axes that piercea given plane of symmetry in a 
given point (not in an axis of symmetry) lie on a circle whose plane is perpen- 
dicular to the given plane, and whose diameter is the distance from the given 
point to its polar line with respect to that focal curve which lies in the given 
plane. (Cf. Th. VII, Cor. II.) 

13. We can now state a second construction for the complex of axes, 
analogous to that given in Th. X. Thus: 

TueoreM XIII. Jf one of the focal curves of the quadric is given, all 
the axes of the complex, with their feet, ave determined and can be constructed. 

For, the feet of all the axes that lie in the given plane can be constructed 
as in Th. IV; and all the axes that pierce the given plane at any point (except 
the centre) can be constructed, with their feet, by Th. XII, Cor. The only 
axes that remain are those described in Th. II and Th. III. 


III. Recrerocat Powars. 


14. We know that, if a point moves in a given plane, its polar plane 
will revolve about a fixed point. Hence, if a point moves along a given line 
(common to two planes), its polar plane will revolve about a second /ine 
(joining two points) ; and conversely, if a plane revolves about a given line, 
its pole will move along a second line. 

Two lines so related are called reciprocal polar lines, or simply, recepro- 
cal polars; the polar plane of every point on either contains the other. 
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The reciprocal polar of any axis will be perpendicular to that axis. For 
it lies in the polar plane of the axis, and all lines in that plane are perpendic- 
ular to the axis. 

Conversely, any line a, perpendicular to its reciprocal polar, 4, will be 
an axis. For, a plane containing 4 and the common perpendicular of @ and 
b will be perpendicular to a, and its pole will lie on a; hence, @ is an axis. 

In the synthetic treatment of the complex of axes, this property is conve- 
niently used as the definition of an axis; thus: 

1 THeoremM XIV. A necessary and sufficient condition that a line shall be 





























an axis is that it he perpendicular lo i/s reciprocal polar. 


15. Tueorem XV. The axes of symmetry of any conic section traced 
on the quadric are ALes of the quadric,* ' 

For, let a be an axis of symmetry of such a conic. The tangent planes 
: to the quadric at the extremities of @ will contain the prrallei tangent lines to 
f | the conic at these points; hence the line of intersection of these tangent 


' planes, which is the reciprocal polar of a, will be parallel to both the tangent 
lines, and therefore perpendicular to a. Thus a is an axis, by Th. XIV. 

i 16. Tueorem XVI. Jf tivo aves lie in a plane, the line joining their 
¥ poles is also an ovis. 

i For, the polar planes of each of the poles, 7’, 7”, will be perpendicular 


to the corresponding axis, and hence to the plane, a, in which the axes lie. 
The line of intersection of these polar planes, which is the reciprocal polar of 
PI”, willthen be perpendicular to a, and hence to the line 2/7” which lies in 
F a. Therefore 77” is an axis, by Th. XIV. 
The present theorem may also be stated thus: All chords of the pole- 
curve of any pol (Th. VII) are ULES of the quadric, 


ee ee 





Cor. 1. The line joining the feet of any to normals that lie in the same 
plane is an axis of the quadric. 

17. Tueorem XVII. The product of the distances from the poles of two 

reciprocal polar ares from a plane of symmelry is constant, 

An outline of the analytic proof for this theorem is as follows. 

The axis whose pole is P, (14, 7,5 2) is represented by (}), and its re- 3 
ciprocal polar will be the intersection of che polar planes of any two points q 
whose coordinates satisfy (9). 


eer a 


*It was from this point of view that the axes were first studied; cf. Th. XI, Cor. IL. 
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Selecting the points (7, y,, %) and (a/A+a,, 4/B+y,, %/C+2%) of 
the line (9), we can use 


Eye YY 
a6hUSs 


~~» 
“|\~ 


++ Lye WY, 22 
2. 


i Se 
Rte 


+ 
as the equations of the reciprocal polar axis. 
Let 7, be the pole of this axis. Then 7, must lie on the axis and the 


polar plane of 7’, must be perpendicular to the axis, and hence to both the 
planes which determine the axis. Hence, 


i %q We m1 es as HFe, eg =, His “1%2__ 
. . > . 


fie oS oe a” Oe 2 Te 
Solving these three linear equations for 2,72, 4/2, 2;22, we find, 
yg = A, P¥2= 6; m%=C; (13) 
where 


= - = 4=—- ———.-- - e=— — od -—- . 
ws (A—B)(A-—C)’ (B-—C)(B- A)’ (C—A)(C—B) 


18. The following corollaries follow at once from (13). 

Given, the poles of two reciprocal polar axes; then: 

Cor. I. Jf one moves in a plane parallel to a plane of symmetry, the 
other will move in a parallel plane. 

Cor. I. Jf one moves in a plane containing an axis of symmetry, the 
other will move in a plane containing the same axis of symmetry. 

Cor. HI. Jf one moves in any diametral plane, the other will in general 
move ina quadric cone. 

Cor. IV. Uf one moves in any plane whatever, the other will move in 
general in a surface of the third degree. 

Cor. V. Tf one moves in a diameter, the other will move in a diameter, 

Cor. VI. Jf one moves in a line parallel to a principal axis, the other 


will move ina parallel line. 


IV. CoaxtaL Quaprics. 


19. In conclusion, let us see what changes in the given quadric (1) can 
be made without disturbing the complex of axes of that quadric; in other 
words, let us see whether the same complex may not belong to more than one 


quadric. 
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The condition (6), under which a given line is an axis of the quadric (1), | 
remains unaltered when we add any constant to A, B, and C, or when we 
multiply A, B, and C by any constant factor. 

That is, any line which is an axis of (1) will be also an axis of the quad- 
ric represented by 


9 
f° 2 


Wi" 23" oa" (14) 


whatever the values of the constants A and g. 

This equation contains two arbitrary parameters, and therefore represents 
a doubly infinite series of quadries. 
If X alone varies, while «= 1, we have a family of quadrics confocal to 
f (1). 
| If, for any given value of A, # is allowed to vary, we have a family of 
quadrics similar, concentric, and similarly placed to the quadrie which corres- 


ponds to the given value of A. If we use the word concyclic to describe 
quadrics that are similar, concentric, and similarly placed, we have the theo- 
rem : 

; TueoremM XVIII. All the quadrics of a confocal family with all the 


quadrics concyclic to each of these quadrics have the same complex of axes, 


The quadrics represented by (14) have therefore been called by Reye 7 
coaxial. All coaxial quadries have the same axes, but these axes do not in 
general have the same poles and the same feet with respect to all the quadrics. 


If X=0, and only uw be allowed to vary, then not only the condition (6), 


et ge ee er ee 


i but also the locus ({) of the poles of axes through a given point, will remain 
unaltered. Hence, 
Cor. IT. All concyclic quadrics not only have the same complex of axes, 
but each axis preserves its own pole. 


} ; If »= 1, and only \ be allowed to vary, we have a family of confocal 
} quadrics, which is wholly determined if one of its focal curves is known. 
{ Hence, by Th. XIII, 
' Cor. II. All confocal quadrics not only have the same complex of axes, r 
af but each axis preserves its own foot. i 





MISCELLANEOUS PROBLEMS. 


1. If the quadric (1) isa quadric of revolution, the complex of axes is 
composed of: («) all lines perpendicular to the axis of rotation; and (4) all 


— 
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lines meeting that axis or parallel to it. In the case of a sphere, every line 
in space may be regarded as an axis. (Th. III.) 

2. The poles of all axes that meet a given line lie on a quadric surface 
containing the given line. If the given line is a diameter, the surface be- 
comes a cone containing, besides the given line, the three axes of symmetry. 

Let the given line be ar+hytez+d=0, aie+bytez4+d =0. 
From (9) express the coor:linates of any point of the axis in terms of a variable parameter. 


Then 
SST STs SILA Ate 


oe S84 
is the equation of the required quadric. 

3. The poles of all axes that meet a plane of symmetry along a line 
perpendicular to an axis of symmetry lie in a plane perpendicular to that 
axis. (Cf. Th. VII, Cor. II, and Prob. 6, below.) 

(Special case of the preceding.) 


4. The poles of all axes parallel to a given plane lie in a diametral 
plane ; the poles of all axes in a given plane lie on a line. 


Let the given plane be az + hy + cz + d = 0; then, using (9), 


ar, by , ez 
a*a7a™ 


is the equation of the required diametral plane. 


5. The feet of all axes through a given point form on the cone of axes 
of that point (Th. VII) a space curve of the fifth order,* containing the in- 
finite point of the diameter through the given point, and the feet of the per- 
pendiculars from the given point to the planes of symmetry ; and passing three 
times through the given point. 


In this and the following problems on the feet of the axes, it is convenient to use the unsym- 
metrical equations of aline. Show that the equations 


7] z A-C 
= - ) = — ud) h k= —__ 
r ate x + kh, where ree t 
represent any axis of the quadric (1); find the pole of this axis, and show that 
A—R 


r+my + nz =- — 
is the equation of its polar plane. 





* This curve has been studied in detail by A. Schmitz: Programm der K. bayr. Studien- 
anstalt, Neuberg a. D., for 1886-87. 
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Expressing the condition that the axis shall pass through the given point (£, », ¢) and elimi- 
nating m, n, and }, we find 
x(r—&) + y(y—a) + (2-8) = (A—B —_ —— i aian as 
as the equations of the required locus. 

6. The feet of all axes through a given point in a plane of symmetry 
(but not in an axis of symmetry) lie (@) in a curve of the third order in that 
plane; and (4) in a circle perpendicular to that plane and bisected by it. 
(Cf. Th. VII, Cor. I, IL.) 

Special case of the preceding. ) 

7. The feet of all axes parallel to a given direction (except those per- 
pendicular to a plane of symmetry) lie in an equilateral hyperbola. (Cf. Th. 
es. ) i 

(Special case of Prob. 5 when the given point recedes to infinity ina given direction. 
There is also a curve of the third order, lying wholly at infinity, that belongs to the locus.) 

8. The feet of all axes that meet a plane of symmetry along a line per- 
pendicular to an axis of symmetry lie on a surface of the third order. The 
surface has two planes of symmetry and contains two families of cireles; it is 
a special case of the Cyclide of Dupin. (Cf. Th. XII, Cor., and Prob. 3.) 

If the given line is y = 0, ry =>. then 


¥ * = A—B — 
r+ ok + ae 8 eee where k = rea 


is the equation of the surface. 

9. The six normals that can be drawn from a given point to a quadric 
surface lie on an equilateral quadrie cone, containing, besides the diameter 
through that point, the perpendiculars from that point to the three planes of 
symmetry ; and their feet lie on a space curve of the third order, containing, 
besides the centre and the given point, the points at infinity on the perpendic- 
ulars to the planes of symmetry. (Th. I, Th. VII.) (Steiner. ) 

10. Through any given point an infinite number of coaxial central quad- 
rics can be passed. Their normals at this point lie on a quadrie cone. 

11. The polar planes of a given point with respect to a family of con- 
cyclic quadrics are parallel. (Th. XVIII, Cor. I.) 

12. The poles of a given plane with respect to a family of confocal 
quadrics lie in a line perpendicular to that plane. (Th. XVIII, Cor. II.) 

13. A given plane cuts a family of confocal quadrics in a series of conic 
sections whose axes of symmutry are tangent to a fixed parabola and whose 
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centres lie on a fixed line; this line is the directrix of the parabola; it passes 
through the foot of the perpendicular from the centre on the given plane, and 
through the foot of the perpendicular (Prob. 12) in which lie the poles of the 
given plane with respect to the quadrics. 

14. Allaxes ina given plane envelop a parabola; their poles lie on a 
line tangent to the parabola; and their feet lie on a curve of the third order. 
The pole of this line with respect to the conic in which the given plane cuts 
the surface is a double point of the curve. 

15. Discuss the complex of axes of a paraboloid. 


STRASSBURG, GERMANY, JANUARY, 1900. 
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GALOIS’ THEORY OF ALGEBRAIC EQUATIONS, 
PART Hl. IRRATIONAL RESOLVENTS. 
By James Prervont. 
INTRODUCTION, 


In Part I the reader has gained an apercu of the essential features of 
Galois’ Theory. To make this as easy as possible all details were left aside ; 
furthermore, only rational resolrents were considered. In the present paper 
we complete our account of Galois’ Theory by 1° showing that all the steps 
required by Galois’ theory can actually be performed ; 2° by developing some 
of the consequences which follow when we make use of irrational resolvents. 

The importance of the second topic can already be seen. In §31 we es- 


‘tablished a sufficient condition in order that an equation f (1) = Ocan be solved 


algebraically. Is this condition necessary’ The reasoning employed in Part I 
can never answer this question, for all the auxiliary equations there employed 
were rational resolvents; i. e., equations whose roots were rational functions 
of the roots of the given equation f(.) =0. To show that our condition is 
not only sufficient but also necessary we must study the effect of adjoining 
roots of equations which are not rational in the roots of f/=0. Such equa- 
tions are called irrational resolvents. The theory of irrational resolvents en- 
ables us not only to answer this important question, but is also of fundamental 
importance in many other investigations. 

Consider now the first topic. This will not appeal to all readers alike. 
We show, indeed, that every step required by Galois’ theory in the solution 
of a given equation can actually be performed. But such solutions will seem 
very illusory to some readers when they reflect how tremendous the calcula- 
tions are, even when every known device is employed to shorten them. To 
this we reply twofold: First, the length of the calculations is not at all pecu- 
liar to our theory. Consider e. g. the corresponding problems in the theory 
of Partial Differential Equations or the calculations that certain astronomical 
problems of to-day require. Secondly, we can take a higher standpoint. 
We can say that a mathematical theory takes an immense step in advance 
when its logical definitions are replaced by those which enable us actually to 
(22) 
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find or decide what we are defining. Such definitions afford us a far deeper 
insight into the nature of the quantities or objects they involve. 


ALL Operations REQUIKED IN GALOIS’ THEORY CAN BE PERFORMED. 
37. Statement of the Three Remaining Problems. The sclieme 


for solving a given equation as developed in Part I required: the determina- 
tion of the Galoisian Group, the determination of its subgroups, and the con- 
struction of rational functions of the roots belonging to these subgroups. In 
§19 the determination of the Galoisian group was reduced to the determination 
of the irreducible factors of the Galoisian Resolvent. In §18 the construction 
of rational functions of the roots belonging to a given group was reduced to 
the problem of deciding whether two rational functions of the roots are equal 
or not. 

We have, then, three problems before us if we wish to show that all steps 
required in Galois’ theory can actually be performed, viz. : 

ProspLtem A. To determine all the subgroups of a given substitution group. 

Prositem B. To determine whether two rational functions of the roots of 
the given equation are distinct or not. 

ProsLem C. eduction of an integral rational function of one variable 
into irreducible factors for an arbitrary domain. 

In solving these problems our aim will not be to effect the solution in the 
most expeditious manner, but merely to show that each can be solved by a finite 
number — easily determined in advance — of operations each of which can be 
actually executed. 

38. Problem A. This is easily disposed of. Let G be the given 
substitution group. All its subgroups may be found thus. Take at random 
a set S of substitutions in G, say a, 8,y7.... Form all products of pairs 
aB,ay, By,.... If these lie in S, S is a subgroup; otherwise not. As 
there are only a finite number of sets S, these can be written down and ex- 
amined. The sets S which we have actually to consider in any given case can 
be limited to a large extent. Thus: in each set the identical substitution must 
be present; again if a isin S, so are a*, a*, .. .; and finally, the number of 
substitutions taken in S must bea divisor of the order of G, etc., etc. 

39. Canonical Form of a Domain. Before taking up Problem B 
it will be convenient to find a simple form to which any domain /? may be re- 
duced. Our domains as we saw §2 consisted of certain quantities q, q.. . 
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and algebraic functions built up on them. The q's that are transcendental con- 
stants can be replaced by indeterminates without altering the character of our 
results. Thus without loss of generality we can suppose the q’s are variables, 
The algebraic functions in /? may be obtained progressively as follows. The 
first lot will be roots of algebraic equations 


jf, =%, I, = 9%, Jaw O, 020 (1) 


whose coefficients lie in G(q,. Gs. + -)- 
Let their roots be 


se te din ae al ES atk (2) 


We can suppose that only one root is taken from each equation (1) ; for if sev- 
eral lay in 2?, we can suppose the equation repeated in (1) as many times as 
we take roots from it. Furthermore we can suppose the equations (1) are irre- 
ducible for Y. Say the roots we need to take for our first step are x, y, z,...- 
Form the rational function 


E= TF ie vy +UZ +e ce ee ec (3) 


where wu, ”“, ,... are indeterminates. In (3) replace x, y, z,... by all 
possible sets taken from (2), and let & go over into &,, &, .... The equation 


F(t) = (t—€) ((-€,) ((—-&) . = 0 


is evidently rational for (, since its coefficients are symmetric functions of the 
roots of (1). 

We show now that the domains 7’ (Q, «7, y, z,....) and 7° (Y,&) are 
identical. For evidently 7” lies in 7, since every rational function of & is a 
rational function of +. y, z,.... Conversely 7 lies in 7°. For let 


Mys Has ‘eo ew Ny M2. . * 


} (47, 4, 2, ..-) be any quantity in 7? and let @ go over into $,, dy, . . . - for 
the substitutions which converted & into &, &,.... Consider the function 
(F(t)= F(t) 5 $ “4. $, f+ 2 oo 
(1—E— 1t-—&, 


Being symmetrical in the roots of (1) its coefficients lie in Q. It is therefore 
a rational polynomial in ¢. For /=€ it gives 


G(E) =o F'(€), (4) 

where F"(¢) is the derivative of F'(/), .-. @ lies in 7”. 
From this point all new algebraic functions which we need to adjoin to get R 
can be taken one ata time. The general case is this: We have a current domain 





GALOIS’ THEORY OF ALGEBRAIC EQUATIONS. 25 


X(&, Y) which we enlarge to Y(n, X), by adjoining to X a root 7 of an irre- 
ducible rational equation for X, say h(/,&)=0. The algebraic function £ is 
root of an irreducible equation; say F'(/, YQ) =0 for Q. To reduce this case 
to the preceding, form the product 


H(t) =h(t EAE) A(t, &) .... 

extending over all the conjugate roots to —&. Evidently the coefficients of 7 
lie in Q. Let A(t, Q) be the irreducible factor which vanishes for ¢ = n. 
Evidently now the domain Y may be generated by adjoining to Q a root of 
each of the equations #'(/, Y@) = 0, k(4, @) = 0. We have thus the 

Turorem. Every domain of rationality may be regarded as generated 
by a certain number of variables or indeterminates q,, Jz + + + «and a single root 
E of an equation rational and irreducible for the domain Q(4q,, ee 

Definition. When adomain FP (£, 4, 7, . . +) is considered as generated 
by a single algebraic function of certain variables 4, %, . . . it is also called a 
hody (It rper). 

Definition. Let f(&) be a quantity in 2? (&), the product Vf=/ (&) 7 (€,) 
St (&) ... . extended over all conjugate roots of & is called the norm off. 
Evidently if f= gh, Nf= Ng: Nh. 

Definition. If the degree of the irreducible equation for Q(q, G2, - -) 
which & satisfies is m, the order of £2 is m. 

With any quantity » lying in &, we can generate a domain 
S (nn. Vis Ja +» » «) Which, lying entirely in 22, is called an inferior body of R 
( Unterkirper); also a subdomain. We can call R a superior body of S 
( Oberkérper) ; also superior domain.* 

40. Problem B. We have to determine whether the two rational func- 
tions 


 (.";, Was a Vis Jas 2 #8 E), (7. >, cee ® Vis Jes es 6 09 £) 


are equal or not. Here «,, 7... are roots of the given equation (7) = 0, 





* The reasoning employed to deduce (4) enables us to justify a tacit assumption made §12,1°. 

We assumed there that ¢(7,,7,,...) =¥(V,) =¥(V,) =...=¥(V.) because ¢(7,.7,,...) 

remained unaltered for the substitutions (3), §12. That this is indeed so we can now easily 
show. In fact, take for é, &,,&,...above, V,. V,,... Va; then 

G(V)) . : —_ —s 

= FV) TENT. HreV, . é=1,3... 

Here the r’s are the same for alli. This shows that in (4) $12, the m substitutions (3) can be 

effected and the resulting equations are correct. 
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and the domain is 22 (£,q,.92... +). Let the Galoisian Resolvent G = 0 be 
of degree m, then by §11,(5) we have 


| =! 
° 


d = Not lr; a rT Ves j’=-t; Vv = & + & } too F Sey 


In order that @ = ¥ it is necessary and sufficient that 7, = 4,,«=0,1,...m—1. 
For, 6 — ¥ = 0 isa rational equation in V of degree < m and this is impossi- 
ble. since G = 0 is irreducible, unless r, — 8, = 0. 

The question is thus reduced to decide whether two rational functions of 
E tor QO (qs. ga. +) are equal or not. Repeating the reasoning for & that we 
have just made for V. the question becomes this : To decide whethertwo integral 


rational functions for 72(1), viz. 
La. d2--)> M(qyG2---) 


of the independent variables 4), g2.. . are equal or not. This problem is no 
more difficult if, instead of 22(1), we take any other domain S containing only 
constants. 
Let us begin with a single variable. The integral rational function 
G (m1) =%g + ug +.-- ws 

the a’s being constants, can vanish but » times unless the a’s are all zero, when 
it vanishes identically. Observe that we can therefore give qg, an infinity of 
values, integral values for example, for which G ¢ 0. 


Pass now to two variables 4.4. Let G (4. q,) be of degree n, in g, and 
of degree nz in gq. We can write it, 


Fim, 2) Wr) 4 4s Maly) ia © @ + In) 


Here we can choose g, in an infinity of ways so that all the g’s are 70 unless 
the ’s are identically zero. Let gy, = @ be such a value. We can choose q, in 
an infinity of ways so that G (a,q,) ¢0. Hence we can choose the variables 
41s 72 in an infinity of ways, choosing even integers, sothat G70. G (qq. qs) 
cannot = 0 in the sense of §5 unless all the coefficients of fis Yq Are zero. 
The generalization to » variables is evident, giving the following theorems. 
THeorem 1. Being given any finite number of rational integral func- 


tions of the dependent rariahles ey Bias 


“7 


CF (q. Yas + + ds I1( 4, "Jas - (ene «0% 


the coe ficients of WO ONE of which are all zero, it 8 possthle 10 choose the raride- 


hles in an infinity of ways —taking even integral values —so that none of the 
Sunct ions vanish. 
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This shows that the n! valued function of §8 can be constructed. 
Tueorem I, Uf the integral rational function G(q,, qa, . . .) with con- 
stant coefficients vanish in the sense of §5, all its coefficients must be zero. 

Since #' = G is equivalent to F — G = 0 we have also 

Tueorem Il. Jf two integral rational Junctions F(q, q+ + +); 
CF(4iy Yay - - +) with constant coefficients are equal, it is necessary and sufficient 
that the coefficients of like terms in F and G are equal, i. e. Fand G must be 
formally equal. 

41. Lagrange’s Formula of Interpolation. In this connection 
let us show how an integral rational function F'(q, 4, . . . 7,,) of » + 1 varia- 
bles and of degree ng in g is known when its values f. (q,, q2. ~~ Y») are 
known for ny + 1 distinct values of gp, say for 7 =a), a, .. - a,,. We shall 
need this in Problem C. We set 


L. (Yo) = (Yo— %) +» +» (Yo — e-1) (Yo—4e41) +++ (Yo—Gn), #=O0,1,... 0. 


Evidently Z, 4 0 for gy =4, while Z, = 0 for the other a’s. Consider now the 
function 





‘heat L, 6, 
Cole 7 “4n) o > fila ry Yn) L a (1) 
Evidently ®(4;, 91992 +» In) =Si (G9 ~~ + In)s a 


Hence by §40, ® = F. The right side of (1) is called Lagrange’s Formula of 
Interpolation. 

42. Uniqueness of the Decomposition of an Integral Function 
into Irreducible Factors for R (1). We turn now to Problem C. We 
consider first the decomposition of integral rational functions with integral co- 
efficients for 22 (1). This problem we break up into two parts. We show 
first that the decomposition is unique, and then show how the irreducible fac- 
tors may be actually found. 

For brevity we shall call in this and the following § integral rational 
functions with integral coeflicients integral functions. We wish to prove the 

Tueorem: An integral function can be decomposed in but one way into 
irreducible factors for R (1). 

Our nfethod is that of complete induction. Let us recall, therefore, how 
the corresponding theorem is proved for integers. The demonstration rests 
essentially on the Euclidian algorithm of the greatest common divisor. In 
fact, this algorithm gives at once : 
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(a) If F, G be tro integers which are relatively prime, then there exist 

two integers A, B for which 
AFP+BG=1. (1) 

From this we conclude : 

(b) If EF is divisible by the prime G and if F is not divisible by G, 
then E is. 

From (1) it follows that 1A 4+ BEG = EF. Here the left side is divis- 
ible by G since by hypothesis EF’ is. Hence the right side is. 

From this follows easily : 

(c) The decomposition of an integer into prime factors is unique. 

For say F= P,P,..-P2=QQ@--- Y, were two such decomposi- 
tions. cts F is divisible by P, the product Q,- Qz..- Q, is. Henee by 
(4) either AF is divisible by P, or (), gates O, is. If V; is divisible, VV; = P, 
since ? is aprime. We have then -established the identity of one of the 
prime factors in the two decompositiéns. If Q, is not divisible by 7, then 
(,- Qs... @, is, and (4) shows that cither GY, or Qs... QY, is divisible by 
P,. Evidently we must finally come to a GY, which = 2. A repetition of 
this reasoning on the quotients that remain sfter 7’; has been divided out es- 
tablishes the theorem. 

We proceed now to prove the analogous theorems to (a), (6), and (ce) 
for integral functions. We shall denote these theorems by A, B, v. We shall 
frequently need to consider an integral function P(g, 7... . 7,) a8 a function 
of one variable, say qo. We shall indicate this by writing it F’(qo3 Gy. - « « Jn) 
or more shortly #’(q,). Also, as in arithmetic, we write F’ = 0, mod G, when 
F is divisible by G; while Ff’ 40, mod G, indicates that F’ is not divisible by 
(fF, We shall not repeat the modulus except to avoid ambiguity. We must 
first establish a number of auxiliary theorems. * 

Tueorem [. Uf the integral function F(qo, q,. . + Gy) be divisible by 
an integral function of only n variables (qi. 4_ + + + Yn)s then each coefficient 
of F(qy) & =O mod 4g. 

For 

PG )=Jo Mas WIE FAN 0 Unde ee + (1) 
Wise + WAM (Gos Ms + + + Yn) 
=r °° + Yn) hols ee Ung thy (ay ++ - 7 ee “{ (2) 
* The reader will grasp these demonstrations much better if he goes through the reason- 


ing first for the case » = 1. He can then extend it to the case n =2. The general case will 
then give no trouble. ‘This applies also to §41. 
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The comparison of (1) and (2) gives §40, 


Se (M15 2,8 In) =9(M . e Gn) h, (Ys ey s Yn)> k= 0, l, or? 


TueoremM Il. If F(q...94,) and G(qy... q,) be integral fune- 
tions of n+ 1 variables and if FG be divisible by an integral irreducible 


Junction of n variables g(q, .. + qn), while F is not, then G is divisible by q. 


We suppose Theorem £ (stated precisely below) is true for n varia- 
bles. As we are reasoning from nto x + 1, this is permissible. We have, 
assuming that, say, / contains the variable q, 

F'(q) = Ig + Jo + & 7. - 

G(q) =% +b gothgt.-- 
Since / ¢ 0 mod f, at least one of its coefficients is 4 0. Say the first such 
isa,. To show G = 0, suppose the contrary. Then at least one of its co- 
efficients # 0; say 4, is the first such. 
Then 

POS (0,95 + Gari Geti +--+) (beget Ugai ge ti+- +--+) 
=a, 5,q,+°%+ terms of higher degree in q. 


Here by Theorem I every coefficient on the right side is = 0, .-. a, 4, = 0, 
.. by Theorem B, 4, = 0 and this is a contradiction. 

Tueorem IIT. Let F(qo. + - Gn)s G(Yo- ++ Gn) be integral functions 
of n+ 1 variables and let G be irreducible. If the quotient F/G can be 


written 


’ 
7 = to +9 + 29,+. 
where the a’s are RATIONAL functions of the other variables, then they are also 
INTEGRAL. 
For the right side can be written 
Fiat aptagt-.-- 
G B 
where the a’s and 8 are integral in q, ... 7, and without common divisor, 
We have now 





BF= (¥ (ay + a, Yor ee -) = G.H 
Here 8 divides G//, while // is not divisible by a single prime factor of 8p. 
Applying Theorem II we conclude that 8 divides G. But G is irreducible 
~. B=l. 
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THEOREM IV. If the inte qral function of n+ 1 variables F'(4 Piers In) 
can be split into two fuctors 


F( ores "1) = (F( Yo / Gn) H( 43 fiers Yn)> 
integral with respect fo Ly and rational m the othe r variables Vis ee Yn then i 
and HH can be so taken as also to be integral am Gan o « Qe 


For clearing of fractions we have 


Ci(qo = + + Ind tN (Yo > + * Yn) 


Figo: -Un) = 
Y Yl hy, * Yn) 


where G,, //,, / are integral functions of the variables indicated. We can also 
suppose (7, to be irreducible. We have now 


F'( 4% oe « Yn) IN Yo . 2 < Yu) , 


(ilo oe Gn) hy, ‘ Yn) 


application of Theorem II] shows that F’ is divisible by G;. 

This theorem is the generalization of Gauss’ theorem in one variable. 

We conclude now at once : 

THueorem VV. The integral functions K( Jo-++Yn)s (i (Yo 2 0 « Gq) are 
relatively prime or not according as FY Yo). (F (4) are. 

We are now able to establish 

TureoremM A. Uf tro integral functions F( gg... qy) and G(qg «+ In) 
are relatively prime, there exist tro Junctions A(qy s+ + Un)s Bldo «+ + Yn) 
~ Yu 80 that 


integral with respect ty fo and rational tn Y1- 


A |i + BG P 


For the algorithm of the greatest common divisor of F(4o), G(qo) deter- 
mines two functions of just this type. 


We can now prove 


THeorem B. If the product of to integral functions E (qo. + Un) 
Pq. + Gn) Of w+ 1 variables is divisible by an irreducible integral fune- 
tion Gi (yy... 4g.) and if E is not divisihle by G, F must be. 

We have assumed this true for x variables; we show now it is true for 
n+ 1 variables. For n = 0 it is Theorem (h). 


From Theorem A we have AF + BG = 1. Multiply this by 2/G. Then 


AEF |. &E 
- (; = ae BE — (; 
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Since EF is divisible by G, the left side is integral in g and rational in 
fis +++» Then Theorem III shows that Z is divisible by G. 

Tueorem C. An integral rational function F(qo,q,, . . .) of the inde- 
pendent variables qo,q, ... with integral coefficients can be decomposed into 
irreducible factors for R(1) in only one way. 

This is demonstrated precisely as (c), ante. 

43. Actual Decomposition of F(y,7,,...4,) for R(1). We 
suppose the problem solved for x variables and show how to solve it for n + 1. 
When n= 0, we have the decomposition of an integer into prime factors. 
Suppose F’ to be of degree mg with respect to say %. Theorem IV §42 shows 
that in seeking a divisor G(q, ...4,) of / we need consider none of de- 
gree higher than ~ = mo/2 in q. This restricts the possible form of our divis- 
ors somewhat. A far more incisive restriction is obtained from the simple 
observation that, giving to qv an integral value, say gp = 4, @(a,q, . - » Gn) 
must be a divisor of F(a,q,,...9%,). But F(a,q, ...9,) being a fune- 
tion of only 7 variables, all its divisors can be found. G(a,q,, ...,) must 
lie among these which are finite in number. With this we combine the fact 
that the function G(q) is known when its values are given for ~ + 1 values 
of gq by virtue of Lagrange’s Formula. 

Let us give then , # + 1 arbitrary but distinct integral values 


fo = 9, 1,5 eee Cys 


and denote the corresponding divisors of F’'(a,,q), -- + Gn) by 


a f”, ed ‘ee k= 0, Be 2 ree | 


Then 


Ml 


(Ff (do. Vis + + « Jn} Must be one of the quantities 74, 79,70" .. « 
Gf (4, Vs ill ta Yn) ° 4 . ? ° ° . . _ Sits. i" 


G (@s919 +++ On) 2+ «© © is i « eR + ss 


That is, the possible values G can have for « + 1 values are known. Hence 
G must be sought among the integral functions, finite in number, which take 
on these values f! for 7 = %, %, - ++, These are all given by Lagrange’s 
Formula. Thus to decompose /' we write down all these possible divisors 
G4, Gy, . . . and divide F through by them; if the division comes out without 
remainder the particular G in question is a divisor, otherwise not. 

44. Solution of Problem C. Let /(/) be an integral function of 
¢; we seek to decompose it into irreducible factors for an arbitrary domain 
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R(E. 4). Ga. + »)- The coeflicients of ¢ we take as integral functions of 
£.4,,.. . Whose coefficients in turn are integers. It may happen that /’ does 
not contain &; in this case we introduce an indeterminate u, and replace ¢ by 
f+. At the close we make the inverse substitution. 

Suppose now / = GI tor 2. Taking the norm we have 


NF = NG-NI. (1) 


The functions VF, VG, N//are integral functions of 4,4)... . 4. From 
(1) we see at onee that if WF is irreducible for 2(1), F is irreducible for 2. 
From (1) we also conclude that if a divisor ( exists, it must be a divisor of 
NG, ¢. ¢., every divisor of F is a common divisor of F’ and a factor of NF’. 
Hence in order to find possible divisors of /’, we find its norm and all the 
divisors D,. D,, . . . of this norm for 7?(1). We then seek the greatest 
common divisor of F’ and one of these D's by the ordinary method, This 
takes but a finite number of rational operations. 

45. Irreducibility of .’—v. Before leaving the subject of reduci- 
bility we prove the following theorem which we shall find useful later, although 
in no wise an illustration of the foregoing theory. 

Tnrorem. Tf p hea prime and a a quantity ina given domain R which 
is not the pt power of a quantity in Le, then F( r)= #? —ais irreducible for R. 

For let 

(s(x) = (x — p" E)(r ~_ p &) -- (2— 9 EF) 


be a rational factor of F’, where & is one root of F. All the coefficients of G 
lying in 22, the absolute term, that is, 


Ets are (1) 


isin #. Unless m = p it is possible to determine nv so that mn = 1 mod p- 
Say mn = 1+ pz. Raise (1) to the vn” power; we get p™ &%" = p™ at & = b, 


and this lies in 2, Then &=p"o7h. — Raising this to pth power we have 


EP? -a = (4h)?, which asserts that a is the pth power of a quantity in &. 
Hence m= p. 


IRRATIONAL RESOLVENTS. 


46. Kronecker’s Theorem. We turn now to our second topic: the 


role irrational resolvents play in the solution of equations. The theorem 
which lies at the base of the subject is due to Kronecker. 
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FUNDAMENTAL THEOREM. Let f(x) = 0, g(y) = 0 he two rational irre- 
ducible equations for the domain R of degrees m, n respectively. If on ad- 
joining a root x, of f = 0, g(y) becomes reducible, the adjunction of a root y, 
i of g = 0 will make f(x) reducible. Let $(x), v(y) of degrees a, B respect- 
ively be the irreducible factors for the new domains that x,, y, satisfy, then 


mB = na. 
In fact, let the roots of 


J(z) =9, ay) =, $(2) =0, Hy) =9, 
be respectively 
Digs + 2 Dm5 Yis e+ + Yn Dyy 2 eo 2 Ue Yis +++ Yo- 
Let F(t, u, v) be the irreducible factor for P? of 
=zi,3...™ 
M(t) = T(t — ux, — rvy,), eel 
() (  — VYe) e=zl,3.... 


admitting the root (= ux,+ vy,. Here u,v are indeterminates. The degree 
i of F call 7; we show j = mB. 

To this end observe that F'(¢, 1, 0) = 0 has one solution in common with 
J = 9, hence it has all. Hence the index , in F' runs from 1 tom. Consider 
now the factors of the form ¢ — ux, — ry, in F. « must run from 1 to 8. 
For the product 


(F(t, 2) = I(t — ux, — vy,), eml,?...8 


is a rational function of ¢ for S(#, x,) and is furthermore a divisor of F'(¢). 
Hence F'(¢,1,0) has the §-tuple root ¢= 2, and .-. x3, ... 2%, are also 
8-tuple roots of F'(/, 1,0). Hence j 2 m8. 

But we show also that 7 = m8. For the product of degree m 8 in ¢ 


IT (t,u, vy =I G (t,2,), gm I, 8, . . . My 


has a rational divisor for 22 in common with F'(¢,u,v). Hence F is a divisor 
of 1; ..j =mB. 
Thus j= m8. But in our reasoning on /'(/) we can interchange x and 
y and it still holds. This would interchange m,n alsoa,8. Hence j = na. 
47. Some Immediate Consequences of Kronecker’s Theorem. 
TuHeorem 1. Let m be the order of the body R(€, 4, G2. - -)- The order 
n of any of its inferior bodies is a divisor of m. 
For let » be used to generate S(, 4,42 -..-), an inferior body of 2 
of order n; and let & and 7 satisfy respectively the irreducible equations 
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for) =O, (vy) = 0. Sinee y is a rational function of & for PR (q,, 4, - «) the 
adjunetion of & splits from 7 a rational linear factor. Applying Kronecker’s 
theorem we have m = va, since here 8 = 1. 

Definition. ais called the relative degree of R (&) with respect to S (»). 

Tueorem Il. [f the adjunction of a root y, of an irreducible equation 
wy) =O of deqree n reduces the group (; of an equation T(r) - 0 fo a sul- 
group of indes i, then nis a multiple of iand hence never less than 7¢. 

For let | = ot degree did, be the Galoisian resolvent of J=z 0. After 
the adjunction let its degree be a. From Kronecker’s theorem the adjunction 
of a root, Vy of #)= 0 must make (y) reducible and the degree 8 of the 
irreducible factor for which 7, is a root satisties wm 8=na. As m/a = 1, we 
have vw = /p. 

Tueorem IIL. The letters having the same meaning as above, suppose 
n= this is always so if wis a prime 1. Then WY) = 0 ¢s a rational resol- 
rent, 

For here 8 = 1. Hence one root yy, ot aly) = 90 is a rational function 
of = Uy), + Ugtgt..., i. ¢. of the roots Bay Me +0 of f(x) — (0): 

Hy = @ (gy Zap « « ode 
Apply the substitutions of G to @: it goes over into sav Di, Dy, --- The ¢’s 
are roots of an irreducible equation ®@ = 0. The two irreducible equations 
y= 0, ® = 0, having one root in common, are identical. Hence all the roots 
of 4 = O are rational in the z's. 

THeoremM [IV (Jorpany.* The domain he mg RR, let the adjunction of all 
the 0088 Yys Yass + of ay) = 0 reduce the qroup (i of the equation S(*#) = () 
loa subgroup (rs, of tinder i+ then the adjunction of all the roots Ty, Fas 

of f O reduces the qroup TT of g=V0 tba subgroup /1, of index k. 
Furthermore ¢ hand (F,, IT, are mvariant. 


1° ¢=hk. Let the orders of G, /7/, (7, HH, be respectively q, h, Vis hy ; and 
let y = /a,h=k8. Then by Kronecker’s theorem qB-—ha. For the ad- 
junction of 7,,.2,.. . is the same as adjoining one root of the Galoisian re- 
solvent of f= 9; and the same applies to the y's and the equation g = 0. 
Multiplying the equation 78 = ha through by i, we infer that 78 =/h, and 
hence 7 = k. 


* First published Math. Annalen, vol. 1 (1869), p. 139. Kronecker's theorem was (rst 
published in a paper by Kneser, Math. Annalen, vol. 30 (1887), p. 195. We wish to remark that 


although we have made Jordan's theorem depend on Kronecker’s, it is on the much older theo- 
rem of Jordan’s that most of the following work directly rests. 








ee 


GALOIS’ THEORY OF ALGEBRAIC EQUATIONS. 35 





2° Gi, Hy are invariant. For the group of f(x) = 0 for S(y, yy. .) 
being G,, let @(2, 2. . ) be a rational function for F of the x’s, belonging 
to G,. Then ¢ is rationally known for S, §12, 1°; 7. e. 


$= V¥(%s Yo ++ -)- 

For the substitutions of G, ¢ considered as a function of the z’s will take 
on certain values ¢$, $,, ¢:,..., which are roots of an irreducible equation 
® = 0 for R. Considered as a function of the y’s, ¢ = ¥ takes on certain 
values ¥, Wi, Wx . - for the substitutions of 7. These are roots of an irre- 
ducible equation Y = 0 for 22. The two equations ® = 0, VW = 0, having a 
root ¢ = yin common, are identical. Hence the conjugate functions ¢,, d., . . . 
are rational functions of y,, y,... for 2. Their adjunction cannot there- 
fore reduce G below G,. Hence G,is invariant. The same reasoning applies 
to Hand //,. 

THeorem V. When the group H above is simple, g(y) = 0 is a rational 
resolvent for R. 

For the adjunction of the «’s reduces // to some invariant subgroup. 
As it is simple, this subgroup is 1. But when the Galoisian group of an 
equation g(y) = 0 is 1 the roots of g = 0 must be rationally known. 

Tueorem VI (Gators). The necessary and sufficient condition for the 
algebraic solubility of an equation is that its group admits a series of composi- 
tion whose factors are all primes. 

In §31 we showed this condition to be sufficient. Theorems III and IV 
of the present § willenable us to show that it is also necessary. Let us recall 
more precisely what we mean by saying an equation can be solved algebrai- 
cally. We may say in general: to solve an equation f= 0 is to express ration- 
ally its roots in the roots of certain equations 

J, = 0, Ja = 0, Fa ae GO, 20s (1) 


which from a certain standpoint are simpler than f= 0. When the equations 


(1) are binomial equations 
ym —a=0 (2) 


we say the solution is algebraic. In seeking, then, an algebraic solution of 


f = 0, we suppose the method of solving binomial equations already known. 


Since the various roots of (2) differ only by an mth root of unity, these are also 
known by implication, and we can suppose them to lie in our initial domain. 
If, then, the given equation /(2) = 0 can be solved algebraically, some- 
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time on adjoining the roots of an equation of the type (2) the group of J(*)=0 
must suffer a reduction. The equations (2) can be simplified. Since the rsth 
root equals the rth root of the sth root we can suppose ™ isa prime. Further- 
more we can suppose @ is not the mth power of a quantity in the current do- 
main 22. For then the roots of (2) already lie in 22. Under these circumstances 
(2) is irreducible for 22, §45. As the adjunction of the roots of (2) reduces 
the group, they reduce it to an invariant subgroup, say of index ¢, by virtue of 
Theorem IV. As the adjunction of one root has the same eftect as that of all, 
Theorem III shows that ¢ = ™, a prime. 

From Theorem VI we conclude : 

Tueorem VIL (ABEL). Whenever an equation f(x) = 0 can be solved 
aly hraieally, we can give the PLPVESS tO U8 for the roots such a form that all 
radicals Ry Bs... . entering them are rational integral functions of the x's and 
certain roots of unity with coe ficients which are integers. The radicals 


R,, R;. ae . form a sequence, 


k” = F,, + = F, R?' = Fy (1) 


where F, is rational in the radicals Roo, . 2. By, and quantities in the origi 
nal domain R. The exponents are primes and the equations (1) ore irreduci- 
ble tu their current domains. 

In fact such unit roots being adjoined as are necessary, let G be the 
group of f= 0. By the last theorem we saw it admits a series of composi- 
tion 

(;, (F, (¥5, > a (f, — ® 
Whose factors, 
; Pip P2 » o* Pu 
are primes. 

Let $ (”),.%,,...) be an integral rational function of the roots of f= 0 
belonging to G,, and let it take on the values $, @),. .. . $,,, for G. Build 
now the cyclic funetion, §31, 


P+ag+... +a" = Kh, 


where a is an imaginary p,th root of unity. Then 72, is an integral rational 
function of the roots of f= 0 and certain roots of unity, whose p,th power 
F’, is rationally known. The adjunction of the roots of 


R” = F, 


reduces @ to G,. We proceed in the same way with the other radicals. 
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Some CELEBRATED PROBLEMS OF THE Past. 


48. Statement ofthe Problems. The theory of irrational resolvents 
enabled us to deduce Galois’ criterion for the algebraic solubility of an equation. 
This is one of Galois’ most briiliant achievements. We turn now to the con- 
sideration of certain celebrated problems which have batted the efforts of past 
mathematicians and show how by employing irrational resolvents they may be 
readily disposed of. 

They are: 1° the Delian problem, or the duplication of the cube; 2° the 
construction of regular polygons ; 3° the trisection of a given angle; 4° the 
casus irreducibilis ; 5° the algebraic solution of the general equation of the fifth 
degree. 

The Delian Problem is this: Being given the length of an edge of a cube, 
construct geometrically, i.e. by rule and compass, the length of the edges of a 
cube twice the volume of the first. A pretty legend is connected with this prob- 
lem which is more than two thousand yeurs old. A pest was raging at Athens. 
To obtain its abatement the Athenians sent to consult the oracle at Delphi. 
The reply came back that the plague would stop if the Athenians would dedi- 
cate to Apollo’s temple at Delos an altar just double in size the one then there, 
which was a cube of gold. This the Athenians did, but the plague did not 
cease. They sent a second time to consult the oracle, which replied; the 
new altar was indeed double in size but they had neglected to make it an 
exact cube. The plague was sent, so it was thought, because the Athenians had 
neglected the study of geometry. 

The problem is, then, to construct by rule and compass the real root of 
a — 3 = 0. 

The Construction of Regular Polygons was one of the favorite problems of 
Greek geometers. The construction by rule and compass of polygons of 3, 4, 
5 and 15 sides and those immediately deducible from them by bisection was 
early found. The construction of other polygons baffled all their efforts. It 
was therefore a great surprise to mathematicians when Gauss showed (1801) 
that polygons of 17, 257, 65537 sides and in short all polygons the number of 
whose sides was a prime of the form 2” + 1* can also be constructed. 

Let @(n) denote as usual the number of integers < » and relatively prime 
ton. We shall show that a polygon of n sides can then and only then be con- 





* It remains to be seen whether 2”+ 1 represents other primes than the five above given. 
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structed by rule and compass when ¢(7) is a power of 2. The problem 1s 
thus brought to a definite close. 

The Trisection of a Given Angle. This problem sprang from the preced- 
ing. Fora polygon of 9 sides could be constructed if it were possible to tri- 
sect the arc subtended by the sides of the inscribed triangle. We shall gener- 
alize the problem and seek to divide any are into x equal parts. 

The casus irreducibilis. This problem arose in connection with the solu- 
tion of the cubic. If we suppose this brought to the form 


a 


+ pr+qy =, (1) 
its roots have the well-known form 


r= V+ VR+ VW ve (2) 


Ea 1. 
where R = Ww + 7 =_—- A. 


Now when the roots of (1) are all real, the coethicients being real, the diserim- 
inant Ais positive, and \ FR is imaginary. (2) expresses thus the roots as the 
sum of two conjugate imaginary quantities. To Cardan and his contempora- 
ries who had no idea how such cube roots could be found this case was highly 
paradoxical. Since that time mathematicians have attempted to present these 
real roots as sums of real radicals. As their efforts were unsuccessful, the 
case when A > 0 was known as the casus frreducihilis. We show that this 
case is indeed irreducible. 

The Algehbraw Solution of the Quintic is another impossible problem 
which has engaged the attention of mathematicians for centuries. The impene- 
trable mystery which surrounded this problem was at length dispelled by Abel 
(1526). He showed that the roots of the genera] equation of the fifth and 
higher degrees cannot be expressed by means of radicals. 

Abel’s demonstration is very long and very abstruse; it was totally in- 
comprehensible to the ordinary mathematician of his time and only imperfectly 
grasped by the best. Galois’ theory affords us a very elegant and simple 
demonstration. We have in fact only to apply Galois’ criterion §§ 31, 47. 

49. Analytic Criterion for Geometric Constructions. The first 
three of these five problems depend upon the possibility or impossibility of 
constructing certain lines by rule and compass. To employ the reasoning of 
analysis we must deduce an analytic criterion for the possibility of these con- 
structions. To this end we remark that each right line and circle employed in 
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the construction is represented analytically by an equation of first or second 
degree. All points determined by their intersection are thus defined by a 
sequence of irreducible equations of second degree with real coefficients 


frAaz%, faxz%, fo=0.... (S) 


The coefficients of the first equation lie in a domain /? generated by numbers 
determined by the data of the problem. The coefficients of the succeeding 
equations lie in a domain formed by /? and the roots of the preceding equa- 
tions. This condition is necessary ; that it is sufficient, follows from the fact 
that the square root of any real positive number can be constructed geometri- 
cally. Hence the 

Turorem. The necessary and sufficient condition that a geometric con- 
struction can be effected by rule and compass is, that the coordinates of all 
points involved lie ina domain & generated hy the roots of a sequence of the 
type S. 

CoroLtLary. Al root &, real or complex, of an equation f(x) = 0 can he 
plotted by rule and compass in the complex plane when and only when & lies 
wm adomain of the type. The coefficients of S can be imaginary. 

50. The Delian Problem If the problem be possible, the real root 
of 3—2=0 (1) 


must lie in a Y-domain ; the original domain # being here /?(1). Observe 
first that (1) is irreducible, §45. We prove now the 

TueroremM. Jf a root of an irreducible equation F(x) = 0 lie in a 
L-domain, its degree m ix a power of 2. 

For then at some point, say on adjoining the roots of 7, = 0, #’ = 0 be- 
comes reducible. Kronecker’s theorem requires that m = 2a, ¢. ¢. that F’ = 0 
splits into two factors of equal degree. Since ultimately /’(2) must possess 
a rational linear factor, m can contain no factor other than 2. 

The impossibility of the Delian problem now follows immediately. 

Corotiary. In order that a root &, real or imaginary, of an irreducible 
equation f(x) = 0 can be constructed geometrically, it is necessary that the de- 
gree of f be a power of to, j 

51. Construction of Regular Polygons. We seek all regular 
polygons which can be constructed by rule and compass. We reduce the 
problem to a simpler one. Evidently if a polygon of m sides cannot be 
constructed, one of mncannot. Again if polygons of m and x sides can be 
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constructed, m and xn being relatively prime, one of mn sides can be. For 
we can determine a, > so that am + bn = 1 whence a/n + b/m = 1/mn; i.e. b 
ares of the first polygon plus @ ares of the second give an are of a polygon of 
mn sides. Since every integer x can be decomposed in one way only into 
relatively prime factors 


«ia Ps J) +++ primes, 


our problem is reduced to that of constructing a polygon, the number of whose 
sides m is a power of an odd prime m = p". 

Consider such a polygon. Its vertices are the ™ points in the complex 
plane 1, p, p*, . . . roots of the equation "= 1. In the next § where we 
shall study this equation we shall see that its roots can be constructed by rule 
and compass when and only when $(m) = p"-'(p — 1) is a power of two. 
As @(mn) = $()o(n) we have the following elegant 

THeoreM (Gauss). The necessary and sufficient condition that a polygon 
of n sides can be constructed by rule and compass is that $(n) be a power of 2- 

52. The Roots of Unity. We recall first a few facts from elemen- 
tary algebra. 

If « and / are relatively prime the roots of the equations 


v@=1, v’=1 (1) 


have only unity in common. Hence if a bea root of the first and 8 a root of 
the second equation, a8 is a root of « = 1; furthermore all the roots of this 
last equation are got by letting a, 8 run over all the roots of their respective 
equations. Hence the solution of «” = 1 depends upon the equations 


x’ =}, av” = 1, ere (2) 


where p“, 7’, . . . are the relatively prime factors of x. 
These equations are of the type 


x" = Il, (p" =m) (3) 


There are two ways of treating this equation. The first is to set 2? = y, 
WP = 2,....uv?=1, which reduces the solution of (3) to that of a —1 
binomial equations and the determination of the pth roots of unity. 

The second way is to consider (3) directly. We prefer this latter 
method here. We assume p is odd; the case when p is even requiring only 
the extraction of square roots. : 
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We begin by observing that (3) is not irreducible since evidently 


am™—1 = (x — 1) (atp-De™ "4 p-2p"" 5, ae 1) 


The second factor, call it //(x), vanishes evidently for all and only for the 
. primitive mth roots of unity. The solution of 7 = 0 and (3) are equivalent 
problems. 

H (x) ts irreducible for R(1).. For let 11 (x) = P(x) Q(x). Thie 
coefficients of P and Qare integers §42, 1V. Observe that //(1) = p since 
H (x) contains p terms. As this is a prime one of the factors P (1), Q (1) 
is+ 1; say P(1) =+1. Consider now the product 


® (x) = Il P(x") 


where > runs over all numbers < m and not divisible by p. Then 
® (1) = +1. 

Since P (x) vanishes for one primitive wth root, ® (x) vanishes for every 
primitive root .-. ® is divisible by // (x); say ® (x) = //(x) W(2), 
® (1) = 47(1) A (1) or + 1 =p: A (1) which is impossible as K (1) is an 
integer. 

The group of 11 (x2) = 0 for R (1) is now easily obtained. The equation 
I(x) = 0 is irreducible and all its roots are rational functions of one of them. 
For such equations there exists the following 

Tueorem. Let f(x) =0 be au irreducible equation of degree n and let 
all its roots be rational functions of one of them, say x,. Then the order of its 
group G isn. 

For let V, = 4,2, +..+ 4,2, be a root of the Galoisian resolvent. 


Consider the two bodies /?(V,) and S(x,). As x, isa rational function of 


V}, Sis an inferior body of 2. As all the roots of f= 0 are rational in 2x, 
V’, is rational in x,, .-. 2 is an inferior body of S, .-. #=S and the degree 
of the Galoisian resolvent and hence the order of the group is n. 

We can now determine the group [ of /7= 0. Let g be a primitive con- 


gruence root for the modulus m. Then 1,4,9*. ..g*! (where » = $()) 
2x7 


are incongruent, modulo m, and x, = p” («=0,1,..u4—1,p=e™) are 
the roots of //= 0. Since // = 0 is irreducible, T is transitive and contains a 
substitution s which replaces x» by 2, 2. ¢. p by p’. This substitution thus re- 
places x, by 2,413 .°. 8= (0,1, 2,...@—1): .*. T contains also 


ay ae cae (a) 
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It can contain no more substitutions since the order of T is w4. We have thus 


the 
Tneorem. The group of I(x) = for R(1) consists of the pw substitu- 


tions (a). 

We prove now easily the 

Tneorem. The equation Il = 0 is algebraically soluble supposing known 
the roots of unity whose indices are the prime factors of p= o(m). The 
necessary and sufficient condition that its roots lie in a X-domain is that p isa 
power of 2. 

For let 7 be any prime factor of « = gr. The r substitutions 

LL tat, Fi 


obviously form an invariant subgroup A of T of index g. Hence the factors 
of composition of T are primes. Then §31 shows that [ is reduced to A on 
extracting a qth root; we need however a gth root of unity. 

Thus the calculation of the th roots of unity is made to depend on the 
roots of unity of lower index. Evidently the preceding proves the 

THeoremM. The roots of unity may be found by extracting roots of known 
quantities. 

53. The Multisection ofan Arbitrary Anglea, The division of a 


into n parts will be possible or not according as the roots of 
ra ( 1 ) 


lie in a Z-domain where ¢ = cos a + 7 sin a. Asa will not in general be the 
nth power of a fraction, (1) is in general irreducible. Hence by §50 Cor. we 
have the 

THeoreM. Any division of an angle, besides bisection, is in general im- 
possible, making use only of rule and COMPASS, 

54. Casus Irreducibilis. ‘That the attempt to express the roots of 
the cubic for this case by real radicals is impossible and that this casus is in- 
deed frreducibilis is made manifest by the following general 

THeorem. An frreduceble equation f(x) = 0 of degree nu whose roots are 
all real can never be solved hy real radicals alone if n contains other Sactors 
than 2. 

For proceed to adjoin real radicals of prime index. Suppose the first re- 
duction of the group G takes place on adjoining a root of 


yP—a=0. (1) 


Here « by hypothesis is real. It cannot be the pth power of a quantity in the 
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current domain /?, for then the adjunction of the real root could not reduce G. 
Hence (1) is irreducible for 72. Hence by Theorem III, §47, all the roots of 
(1) are rational functions of the roots of f = 0, therefore they are real, which 
is absurd, if p > 2. 

55. Impossibility of Solving Algebraically the General Equa- 


tion of Degree ” > 4; Hilbert’s Investigations. f the five problems 
we selected to illustrate the use of irrational resolvents, this is at once the most 


celebrated and difficult. We saw §15 that the group of the general equation 
J(z) = 0 of degree n fora domain /?, containing the coefficients which are vari- 


ables, and such constants as we choose, is the symmetric group S,. To see if 


J = 0 is algebraically soluble for 22 we have simply to investigate the factors 
of composition of S,. For n = 2, 3, 4 we saw these were primes. For n > 4 
they are not primes. We show, in fact, that the only invariant subgroup of 
S,, besides 1 is a subgroup of index 2. This group is called the a/ternate group. 
The only factors of composition of S, are thus 2, 4”!. The latter not being 
a prime we have the 

THEOREM (Rurrini, ABEL). The general equation of degree n >4 can- 
not be solved algebraically. 

The demonstration that the factors of composition of S, are not primes 
is rather lengthy. A much shorter demonstration of the Ruffini-Abelian 
Theorem can be given by making use of Abel’s theorem of §47. We prefer 
to give here a demonstration which rests on the factors of composition of S,, 
because, in the first place, it establishes the theorem in question by a general 
principle, viz. the criterion of Galois, and secondly because to do this we shall 
need to develop a little more the theory of substitution groups which has 
been rather meagerly treated in this paper. Before going on we must call at- 
tention to a remarkable paper by Hilbert, Credle, vol. 110, pp. 104-129. The 
theorem of Ruffini-Abel is unsatisfying as it stands ; it asserts indeed that the 
general equation of degree >4 is unsolvable by radicals, but it says nothing 
about special equations. It might well happen, as Dirichlet remarked, that every 
equation with integral coefficients was algebraically soluble. This is due to 
the fact that an integral rational function @(f,, t . .; 1, U:- .) of certain varia- 
bles ¢,, é . . and indeterminates u,, uv, ... may well be irreducible for (1) 
as long as the u’s were left indeterminate and yet be reducible for all integral 
sets of the u’s. That this is not so, that in fact we can give the w’s integral 
values },,5, . . . in an infinite variety of ways so that G(4,4 ...3 4,62 - -) 
is irreducible was shown by Hilbert in the paper just mentioned. 
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From this follows at once that there is an infinite number of equations 
with integral coeflicients whose group for /?2(1) is the symmetric group. From 
this we conclude immediately that there is an infinity of equations with inte- 
eval coeflicients whose group for /2(1) is any prescribed group. 


Excuxrsus oN SUBSTITUTION GROUPS. 


56. Odd and Even Substitutions. Definition. A transposition is 
aevele of order 2. 

‘Thus (1, 2),(@,4) are transpositions. Every substitution can be repre- 
sented as a product of ‘transpositions. For we showed §6 that every substitu- 
tion could be represented as a product of cycles. Evidently every cycle can 
be expressed as a product of transpositions. 


Thus (12345) = (12) (13) (14) (15). 


We can represent a substitution as a product of transpositions in an infinite 
number of ways. Another decomposition of (1 2 3 4 5) into transpositions 
would be, ¢. 7., 


(1 2345) = (13) (24) (23) (34) (14) (15). 


We observe however the 

THeorEeM: The number of transpositions into which a substitution can 
he decomposed ix always odd or always even. 

In fact let S= ABC .. L bea substitution of s elements consisting of 
y cycles A, B,.. Let ¢ be a transposition. Then S/ contains one more or 
one less cycle than S. 

Bor the two letters of ¢ are 1° either in the same cycle, «1, or 2° in different 
cycles, A, B. 

1° Let A = (a, .. . Gy), t= (a,a,): 
then Sf= (a... 4,4)(4,...dm)B... L, which has one cycle more 
than S. 

2° Let A=(a,...4,), B=(b,...6,), t= (7,5,); then St= 
(0-6 Ogg bg. bg bye. bgy des ++ ,)C... L, which has one cycle less 
than S. 

This established, let ¢,, 4. . . be transpositions. Then S¢, has y+ 1 or 
y—1 cycles. Stt, has y + 2, y or y—2 cycles. In general S¢,...¢ 
has y — JT’ cycles, where T is odd or even with 7. 


T 
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Multiply now S by (4,...¢4,)4=¢,... 3 we have 
,) Doee 4 oe Sep (1) 

As the identical substitution is the product of s cycles each containing only 
one element of S, the left side of (1) contains n cycles. .-. n= y— 7, .-. 7 
and hence also 7 is odd or even with n — y which is invariant. 

This theorem affords us a means of classifying substitutions. 

Definition. A substitution is said to be odd or even according as the 
number of transpositions which represent it is odd or even. 

57. The Alternate Group A,. Since the product of two even sub- 
stitutions is even, the even substitutions of any group form a subgroup. 

Definition. The group formed by the even substitutions of the symmetric 
group S,, is called the alternate group, A,,. 

TueoremM 1. The order of A, ix 4 un! In fact the even substitutions of 
any group (form a subgroup of index 2. For let 


Ny Ga Js--- 
be the even substitutions of (, and lef @ be any odd substitution of G. 
@;, Og, O9z... 
are evidently odd; they are also distinct. Hence there are at least as many 
odd as even substitutions. Let now the g’s represent the odd substitutions 
of Gand @ an even substitution. The same reasoning shows there are at 
least as many even as odd substitutions. 

TueoreM IT. A, ¢s an invariant subgroup of S,. For let a be any sub- 
stitution of A, and s any substitution of S,.. Then a is even by definition. 
Also s*! is odd or even with s. For if s=4,....4 be a representation of 
s by transpositions, x"! =/,... 4. Hence sas is even, and so lies in «,. 

Tueorem III. Jf a group contains 1° all cyclic substitutions of the third 
order or 2° even the cyclic substitutions 

(123), (124),....(12n) (a) 
it contains A,,. 

1° For the substitutions of A, are products of pairs of transpositions. 
These pairs are either of the type (ab) (cd) or (ab) (ac). 

But (ab) (cd) =(abe)(cad) 

(ab)(ac) =(abe) 
Hence A, contains no substitution which is not the product of cyclic substitu- 
tions of the third order. 
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2° Every pair of transpositions can be represented as a product of the 
substitutions (7). For any transposition (@4) can be written (la) (16)(1la@). 
Hence every substitution in A, is the product of pairs of the transpositions, 

(11), (12), (13), ... (In). 

But any such pair can be written 

(la) (14) = (12¢@)(12¢@)(12 4). 

58. Series of Composition of S,. We have just seen that 11, isan 
invariant subgroup of S,. It is maximum since its index is 2, the smallest 
possible. We prove now the 

THeoremM. The only series of composttion of NS, ix 

Ba» ts 1 +4 i> 4. 

We show 1° A, is simple; 2°, 8, contains no other invariant groups. 

1° A, is simple. For let B be an invariant subgroup different from 1. 
Let «, 4 be substitutions of A, and B respectively. Then 8 = b+ aba lies 
in B since b" and a'hbado. The operation which converts 4 into 8 call 7. 
By the aid of these 7' transformations we show #2 must contain at least one 
cyclic substitution of order 3. Begin by observing that every substitution in . 
S, has one of the following 7 forms when written as a product of cycles, 
§6. The letters C,, C,... represent cycles whose orders call c, cg... 
respectively. 


I; (3...) G4 %... m24 
Il; (123) (456) C,C,... Crp Cy - - HS 
III; (123) (45) C,Q,... Cup Oy  « BE 
IV; (12) (34) (56) CO, Cy... yey 82 
V; (12) (34) GO, C,... Cyp Cy eo eT 
VI; (12)C,C,... Crp Cyn  o eT 

VII; (1) (2) (3)... (n) 


Type VI cannot occur in B since this contains only even substitutions. 
Consider now a substitution of B other than the identical substitution. It it 
be of «th type denote it by 4,, «= 1, 2, 3, 4,5. Transform 6, by 7, which 
is got by using a, where a, = (123), a, = (145), a3 = (124), a, = (135), 
a5 = (135). Asa result we get 8, where 8, = 6) a3 h,a,. Then B, = (124), 
By = (14526), B, = (12534), B, = (135) (264), 8, = (13542). Hence if B 
contains a substitution of type I, T, converts it into a cyclic substitution of 
order 3. If B contains a substitution of type II, T, converts it into one of 
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type I, ete. Hence B contains a cyclic substitution of order 3; let it be 
b = (123). Let a = (173) ; thence = a" ba= (r 21) and .-. c? = (127) are in 
B,r=4,5,..n. Hence B=A,. §57 Theorem III. 

2° 4S, contains no other invariant groups. For let C’ be such a group. 
If C contain substitutions of the types I—V it contains A,. It can thus con- 
tain only substitutions of types VI, VII, ¢. e. besides 1, only transpositions. 
It can contain but one transposition ¢, for otherwise it would contain an even 
substitution 41. Hence C= {1,¢{. On suitably choosing a substitution s 
in S,, ss is any transposition at will .-. C = S,. 


THe EssentiaL ELEMENTS OF ANY SOLUTION OF AN EQuarTIon. 


59. Abstract Groups. To solve an equation f(x) = 0 means to ex- 
press its roots rationally in the roots of certain equations 


R=0, fr=0.... (1) 
whose roots we suppose can be found or whose properties we suppose to be 
sufficiently studied. Since the resolvents (1) can be varied infinitely, the 
question arises: what remains invariant for these changes? 

We proceed to show that the group @ of {= 0 determines certain groups 


| ae (2) 


and that the sequence (1) must contain equations whose groups are the groups 
(2). If the solution is conducted as expeditiously as possible, the sequence 
(1) need contain only these last equations. These then are essential elements 
in every solution of the given equation. 

This statement we must explain in detail; we begin by generalizing our 
notion of a group, which up to the present has been restricted to substitution 
groups. 

Definition. Suppose a finite number of things or elements 7), 73, . . . 7), 
given; we say they forma group if 

(a) A law of composition is given whereby from 7, and 7, taken in a 
definite order, a definite 7', is determined. The composition we call multipli- 
cation, and write 7), 7, = T.. 

(5) Multiplication is associative, although not necessarily commutative. 

(c) There exists one and only one element 7), for which 


T, T.= T, T, = T, emi, 3,...8 
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This element is called the tdentical element and is conveniently repre- 


sented by 1. 
(d) Forevery clement 7, exists an element (denote it by 7%) such that 
TT = TP Z=1. 
T-.' is called the inverse of T,. 

Examples: 1° Substitution Groups. That the elements of such groups 
have the properties (~) to (d) is obvious. Conversely, every finite group 
that satisfies the above conditions is isomorphic with a substitution group. 

2? (froups of Rotations of the Reqular Bodies. The rotations which 
bring one of the regular bodies into coincidence with itself have obviously 
the properties (a) to (d). 

Consider, for example, the tetrahedron whose vertices call Vo, V4, Vs, V3. 
Let A be a rotation of 120° about the perpendicular from V) on the opposite 
face. Let S be a rotation about the diagonal joining the middle point of 
V, Vand the corresponding point of the opposite edge ; similarly let T be 
a rotation about the corresponding diagonal determined by Vy Vz. All pos- 
sible positions of the tetrahedron are produced by the 12 rotations 

Ac §° T, a=0,1, 2; b,e«=0, 1. 


These obviously form a group in the above sense. 

3°. Congruence Grtups. Let p be a prime ; we throw all integers not 
divisible by p into p — 1 classes so that all integers congruent to each other, 
mod p, fall into one class, while incongruent numbers belong to different 
classes. Thus: 


C1: Re oi, Geet, Ses h,.45. 
U's 5 2, p+2, 2p +2, 3p +32,.... 
Chi p-1, 2p-1, 3p—1, 4p—1.... 


We define the multiplication of these classes thus: CC, = C, where 


~“«“ 


is the smallest positive residue of ab, mod p. We can show at once that the 


. Cs form a group. 


Definition. All terms used in substitution groups, as subgroups, invar- 
vant subgroups, order, index, isomorphism, ete., we extend to all these groups, 
which we call abstract groups. 

Two abstract groups G, /7 which are 1-1 isomorphic are evidently, as 
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far as structure goes, not distinct. From this abstract standpoint we shall 
consider them as identical and write G = /1/. 

60. Factor Groups. Referring to §28 we observe that an invariant 
subgroup /(1, a, 6,...) of a group G(g, = 1, g., . . .) can be used to de- 
fine another abstract group. In fact, as the table 2 shows, / may be used 
to divide @ into p classes C,, C, .. . C,, the substitutions of each row con- 
stituting a class. To define the multiplication of the C’s let us designate the 
substitutions® a, 8, ... of J by new symbols /; = 1, j:, .. . Jos Which are 
more convenient for our present use. Let us in fact designate by j, the sub- 
stitution of J which corresponds to the substitutions of G in the «th row of 
B, t. e. the substitutions which form C,. We detine now C.C, to be C, where 
A is the indexin j, j, = j,. Obviously the classes C,, C, . . . form a group 
which is 1-1 isomorphic to ./. 

Definition. The group Cy, Cy, .. ¢ 
written G/J. Observe then that G/ZJ = J. 

We can evidently generalize this. Let G be, instead of a substitution 
group, any abstract group. By means of its invariant subgroups J, we can 
form a perfectly analogous table to 73, which as before may be used to throw 
the elements of G into a certain number of classes C,, C.,... Take now 
any element, say ag, in C, and any element, say bg,, in C,. The product 
ag, - bg, always lies in one and the same class, say C,, however a, 6 be chosen, 
?. e., X depends only on:, «. We define then multiplication just as before and 
set U, C, = C, where A is determined as just stated. The C’s form a group 
as before which we also call a factor group of G, and write @/J. 

We develop now some theorems on factor groups. As the reasoning is 


» is called a factor group and is 


the same we suppose our groups are any abstract groups. The first eight 
theorems lead up to Theorems LX and X which are the ones we need. 

TueoremM I. Let I(h, = 1, hy. ..), W (Ay = 1, ky...) De any to 
invariant subgroups of G (yg, = 1, gz. .)3 the elements common to H and It 
form an invariant subgroup C (c= 1, ¢, . .) of G. 

For g" cq lies in //, if we consider ¢ to be in //, and in A, if we con- 
sider ¢ to be in A’; .-. it lies in both /7and A and hence in C. 

TueoreM II. G, //, WY, C being as before, let 
G/C=T(y=1,%..), WC=A(b,=1,8..), A/C= 9 (0, =1, 0. .); 


then & and @ are invariant subgroups of T. 





* For the notation cf. § 28. 
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. . > 
Consider, for example, 4; the same reasoning applies to @. Wearrange 
our groups in the following array. Similar arrays should be written down 
by the reader in the succeeding theorems. 





| G | 
C= 1, Cy, Cog © @ © | = 1 
he, Gin Gilg. ->> I 
Hi hs, Chg, Calis ie. athe Ys A 











We observe that the elements of G corresponding to y!éy have the form 
g' chg and this is an clement of //, since it = gqleggqrhg=echW' =h"; «.. 
y' dy is an clement of A. 

Turorem III. Assuming here and in the following theorems that H and 
Ky are maximum; then A, @ have only 1 in common. 

For to an element common to A and © correspond clements of G common 
to Hand A, 7. e., elements of C. But to C corresponds only 1 in T. 

Definition. When the elements of one group are commutative with all 
the elements of another group the two groups are called commutative. 

TuEroreM IV. The groups A, O are commutative. 

For ¢ = §'0'66 = &'.@'86 = &'8 = 8" 

= 6'6'§.0=06= 6". 
Ifence o lies in A and @; .-. o = 1 and 86 = 68. 

Definition. The group A which is formed by multiplying all the elements 
of two commutative groups B, C is called the product of Band C' and is 
written A = BU =CB. 

TueoremM V. The group 2 = A®@ is identical with T. 

Observe first that 0 is invariant under I, since 


yh wy = 7180-4 = 771 by: 71 Oy = 80 =a". 


Hence the group O in G corresponding to 2 is invariant under G. But O 
containing /7 and K must be G. 
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TuHeoreM VI. T/A = @and T/@= A. 
Consider ['/A; the same reasoning applies to T'/@. 
From Theorem V we can arrange T' in the array 


(b) amt, & @& ... 
& £464... 
But from (4) we conclude at once T/A = @. 
Tueorem VII. G/H= A/Cand G/K = H/C. 
Consider G///; the same reasoning applies to G/H. We throw G into the 
array 
hj=1, hy hz, 


(8) Yor hoger Iggz, -- - 


This defines a factor group G/H. If now we replace 6,, 6, .. . in (4) by the 
elements of G we get exactly the first row in (8). That is, (4) and (8) de- 
fine the same factor group @; .-. G//7= T/A = @. 

TueoreM VIII. C is a maximum invariant group under H and K. 

For since H/C = G/K, if C were not maximum under //, A’ would not 
be maximum under G. 

TueoreM IX. Let 


(1) G, Gi, Ga... 1 

(2) G, Ih, Hy, ... 1 

he two series of composition. The factor groups 
G/G,, G)/Gy, ..... 
(/Th, H,/ Hy, “o_o 


are, aside from their order, identical. They are an invariant of the group G. 

We prove this by induction, showing that if it is true for groups of order 
m it is true for those of order S 2m. For m= 2 it is obviously true. Let 
then C’ be the group of elements common to G,, //,. By Theorem VIII, C 
is maximum under G, and Z/, and the factor groups of 


(3) G. ta Gy -«+- I 

(4) G, H, C,....1 

are by Theorem VII identical. But, by the hypothesis for induction, the factor 
groups of G,, Gy .-.-1 
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are identical. Hence the factor groups of (1), (3) are identical. Similarly 
those of (2), (4) are; .:. those of (1), (2) are identical. 

From Theorem IX follows as corollary 

Tueorem X. The factors of composition of any group are invariant, 

61. Holder’s Theorem. We are ready now to formulate precisely 
the statements made at the beginning of §59. | This gives us 

Hétper’s Turorem: Fora domain BR, let f = 0 have the group G whose 


fuctor groups, say, are Fy, Fy... F,,- Let the roots x,,%, ...2, of f=O0 


he rational in one or more roots of each of the equations 
(A) A,=0, &,=0,... Aya IO. 


Here the coefficients of h, lie ina domain BR. which in turn lies in a domain 
generated by Ry and all the roots of ho, hy, . ha. Let the group of h, =0 for 
Re. be H.. Then the F's must be contained among the factor qroups— call them 
®,, M,...— of the Hs. If the M's contain only the F's, the equations Aare 
rational resolvents for Ry. If we suppose the equations Ato he simple, r2 m. 
If r=m and the equations A are simple, then these equations are rational 
resolvents for Ley. 

In fact, begin by replacing A by simple equations, §29. We get the 
sequence 


(B) k=0, k&=0,....4&=0, 


whose groups Af, for their respective domains SS, must be the ®’s. 

Consider the two equations 4, = O and k, = 0 for the common domain S.. 
If the adjunction of the roots of k, =0 reduce A’, the roots of k, = 0 are 
ational in those of 4, = 0 by §47, V, and &, = 0 can be dropped from 2B. Let 


(B') k=0, B=0, MR=0..... 


be the sequence obtained by dropping out all such &,’s. Here we can reason 


with 4; = 0 just as we did with 4; = 0. We shall thus drop out of B’ all ks 
Whose groups are reduced on adjoining the roots of k{ = 0. The resulting 
sequence we treat in the same way. Finally we arrive at a sequence : 

(C) kg =k, =0, k 


a, = 9,022 I = 0. 


ay 


Here the domain of k, = 0 is generated by Zé, and all the roots of the pre- 


ceding equations in C. For this domain, let its group be 7,. The 7"s lie 
among the Ar’s. 
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Adjoin now to f= 0 the roots of kg = 0; if a reduction of G takes place 
let the new group be Ty. Then by §47, V, &) = 0 is a rational resolvent and 
by §60, 7) = G/T>. Adjoin now the roots of k, =0. If a reduction of iW 
takes place let the new group be T,. Then ka, = 0 is a rational resolvent and 
7, =1,/T,. On adjoining the roots of the last equation of C the group of 
J=0is1. Hence the &’s embrace all the F's. If the ®’s embrace only the 
F’s, the sequence C must be identical with B, and we can adjoin the roots of 
no equation of 2 without a reduction of the group of f= 0. Hence all the 
equations 2 and hence all the equations A are rational resolvents for Zp. 
Hence in every case r 2 m. 

If we suppose the equations A to be simple and r = m, then A = B= C 
and the equations A are rational resolvents for Z?p. 

Every quantity not lying in a domain of rationality D may be called an 
trrationality with respect to D. If it is root of a rational resolvent we call it a 
natural irrationality, otherwise an accessory irrationality, in so far as it is used 
in the solution of the given equation. 

62. The General Quintic Y= 0. Hélder’s theorem is one of the 
most important and fundamental contributions to Galois’ theory in recent 
years. Speaking roughly, it asserts that however the solution of a given equa- 
tion f(z) = 0 be conducted, sometime in the course of the solution certain 
simple equations whose groups are uniquely determined and known in advance 
must be employed. 

When f(x) = Ois itself simple it can be solved by no simple equation 
4(y) = 0 essentially different from f= 0. In fact §47, V, shows that the y’s 
are rational in the 2’s and conversely. 

But of all simple equations f= 0, g=0,... having a certain group 
there will be some whose properties will recommend them as normal equations. 
The reduction of f= 0, g = 0, . . . to such normal equations is a problem by 
itself. 

We illustrate the use of normal equations on the quintic @ = 0. On ad- 
joining the square root of its discriminant its group is A;, which is simple. 
Other algebraic equations having this group arise in the theory of linear differ- 
ential equations and the elliptic functions. The roots of these latter equations 
we can express in terms of the hypergeometric function or elliptic modular func- 
tions ; besides they have many other elegant properties, which recommend them 
as normal equations. Begin with the theory of linear differential equations. 
The hypergeometric function 
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, . a-B a-a+1-8-B+1., 

Pane et + 7s 4 Beery x 
isa solution of a very simple differential equation G = 0 of the second order. 
For variable a, 8, y, it represents a new transcendent ; but for certain special 
values of these parameters it reduces to the elementary functions; ¢. g. it may 
become algebraic. In seeking for all these latter cases Schwarz was led to 
introduce a new variable s* which for certain values of a, 8, y satisfies the 
equation 

J(s) = 1728 x f(s) — H%(s) = 0 

where f(s) = s(s! + 118° — 1) and Z/(s) = 5° — 2888 4+ 4945! + 2888° + 1. 
This equation J = 0 stands in so intimate relation with the icosahedron that it 
is called the icosahedral equation. In fact if we project stereographically the 
icosahedron on the s-plane, the centre being at the origin, the 12 vertices and 
the middle points of the 20 faces will be precisely the roots of F' and H, re- 
spectively. 

From this it is easy to conclude that the group of J = 0 is formed of the 
group of 60 rotations belonging to the icosahedron, §59. This group, abstractly 
considered, is identical with A;. Klein has shown that the icosahedral equa- 
tion whose roots are very simple known functions of F(a, 8, y, 2) can be put 
in connection with Y= 0; it may thus be considered as a normal resolvent of 
Q=0. 

Another normal resolvent, one which springs from the elliptic functions, is 
the following. In trigonometry, one of the problems is to express sin /n in 
terns of sin x. Suppose for simplicity a isa prime; this requires the solution 
of an equation of degreen — 1. In elliptic functions the same problem comes 
up. Here the algebraic relation between, say g(u/n, @,, @,) and e(u, @, @,) is 
of degree n?— 1. The solution of this equation depends upon an equation of 
degree n + 1, called an equation of transformation. For xn = 5 such an equa- 
tion 1s 

Af + 104i — 1l2qay + 5 = 0 
whose roots are 


y= ( ~ ~o a “on (¢ oy + tory, p tus + 96re, =f 
4) 5 5 5 
r= 0, ae a 3, 4 


Here A is the discriminant, y3 — 279}. 





* s is the quotient of two fundamental integrals of G = 0. 
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How equations of this type could be set in relation with the quintic was 
first shown by Hermite (1858), 

Having found, in the elliptic functions, convenient normal resolvents for 
the general quintic, we might hope to employ the equations of transformation 
of higher orders to solve the general equations of higher degrees. 

The consideration of their groups, however, shows very easily that this is 
not possible. To find suitable equations we must pass from the elliptic to the 
hyperelliptic functions. By their aid, the general equation of every degree 
can be solved. 
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